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1. Introduction. Throughout the paper, as will be reaffirmed in §2, we
denote Euclidean space of two dimensions by E; and the family of all its
subsets by &,.

Among the functions on &; to the extended non-negative real number sys-
tem there are several that for some intuitive reason or another are designated
as linear measure functions (see supplementary bibliography). Of these linear
measure functions, that of Carathéodory, designated by L (see definitions 2.6
and 2.7), is without doubt the best known.

Besicovitch and others have made extensive studies of relations between
rectifiable arcs and Carathéodory linearly measurable sets. These discussions
have linear density properties as their central theme. It is natural to ask to
what extent such results hold for the other linear measure functions. We
answer such questions in this paper; but, rather than investigate each known
linear measure function separately, we consider instead the measures of the
class U1 (see 2.3) which satisfy the first four Carathéodory axioms, and in-
troduce various notions in terms of density relations that suggest linearity.

For x a point of E., 4 a set in Es, and ¢ a measure function, the ¢ densities

De (4, 1), Dy (4, ), D (4, 2)

of A at x are defined in 2.11. Our notions of directionality, ¢ directionality,
restrictedness and ¢ restrictedness of 4 at x are also given among the defini-
tions of §2. Also given are the notions of rectifiability and ¢ rectifiability of
plane sets.

Presented to the Society, October 30, 1943; received by the editors March 2, 1943, and, in
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If a set A lies on a rectifiable arc and ¢ is a measure which in any sense
is a generalization of arc length, then it is rather to be expected that

0<Dy(d, ) = Dy(d, ©) = D4, )

for ¢ almost all x of A. On the other hand if E; contains 4, ¢ €U, ¢(4) < »
and D7 (4, x) < » for ¢ almost all x in 4, then (section 11.1)

Dy (4, %) = Dy (4, 7)

for ¢ almost all x in 4 implies that A4 is essentially on a rectifiable arc; in
fact if for ¢ almost all x in 4 either

A v
Dy (4, x) < 1.01D4(4, %)
or
A v
3D (4, x) < 4D, (4, %)

then there is a rectifiable arc which contains all of 4 except a subset of arbi-
trarily small ¢ measure.

A further conception of the nature of some of our results and their setting
may be gained by reading 11.1, 11.2, 11.4 and 11.6.

If it is possible to inclose a non-measurable set 4 in a measurable set B
with the same measure, then it is customary to elucidate the geometric prop-
erties of A by a consideration of the geometric properties of B. However, the
generality of the measures which we consider precludes this method of attack.

In order to discuss the subsets of E; which have finite measure, but which
are otherwise arbitrary, we make considerable use of the known techniques
mentioned in 3.1 and 3.3. Because of these techniques it is in general rela-
tively unimportant to us whether or not the sets we consider are measurable.
In fact we are rather inclined to more than half believe the following over-
statement: Measurability information is usually a luxury, rarely a conven-
ience, never a necessity.

We are well aware that some of our results are old; in particular, our
theorems which involve descriptive restrictedness and directionality are found
in a different notation on pp. 262-269 of [7](*) or pp. 28-30 of [6]. However,
these known results are included in the paper partly for completeness and
partly to make clearer the analogy and lack of analogy between the linear
descriptive and the linear metric properties of plane sets. In this connection
we feel we should point out that our notation dir (4, x) has the same meaning
which some other authors attach to the symbol contg, x.

Now it is known and we also prove in 6.12 that

Do(d, 2) = D4, ) = 1

(*) Numbers in brackets refer to the bibliography at the end of the paper. .
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for L almost all x in a strictly rectifiable set 4. From this, 5.15, and the known
Theorem 3.4 we infer the known fact

Dr(4, 2) = Di(4, 2) = 1

for L almost all x in an L rectifiable set 4.
Supposing L(4) < »=, we infer from 5.16 that

D14, %) £ 1
for L almost all x; we therefore conclude from 11.1(3) and 11.1(1) that the set
v
AE [3/4 < DL(4, x) < 1]

has L measure zero.
Accordingly we have the

THEOREM. If L(A) < , then the set
AE [3/4 < Di(4, 2) < 1]

has L measure zero.

This rather striking result of Besicovitch may be found on p. 324 of [1].
We also see at once, with the aid of 11.1(1) and 11.1(4), that the set

AE [DI(4, 2) = D24, ») < 1]

has L measure zero whenever L(4) < «. This accords with chap. 11, pp. 324-
327 of Besicovitch’s [1].

Thus, if in 11.1 we replace “¢” by “L,” Theorem 11.1 becomes, in essence,
a compendium of the results of Besicovitch in [1].-

With three exceptions, namely, 7.5, 7.9 and 7.10, the fixed notations and
definitions used in the paper are assembled in §2. In the beginning of §2 we
list certain notations and definitions most of which are either suggestive or
are in common use. Of the definitions enumerated in the remainder of §2 the
reader will require for §3 only 2.3 through 2.8. The paper has been written
with the idea in mind that the reader will make no more than a cursory ex-
amination of 2.1 through 2.27 before beginning his perusal of §3.

2. Definitions. Throughout the paper we use E; and E, for Euclidean
space of one and two dimensions respectively, and &, for the family of all
subsets of Es. For x in E; we define the real numbers #;, 2 and || so that
x=(x1, x2) and |x| =(x+x3) V2. We shall regard E; and the finite complex
plane as the same with 7= (0, 1) and 2=(-1, 0).

We regard the empty set and the number 0 as the same.

The notational phrase x €A is read x is a member of 4; x4 is read x
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‘is not a member of 4; and A CB is read 4 is a subset of B. For A CE; the
set E;—A4 is denoted by 4.

The set E;- E,[a St <b] is denoted by [a, b]. We say J is a closed interval
if and only if J is of the form [a, 5] where — © <a <b< ». We say J is an
open interval if and only if .J is of the form E,[a <t <b] where — © <a <b< .

We use {x} as an abbreviation for E,[y=x] and use { } only in this
sense. Note that {x] is the set whose sole element is x.

Whenever 4 is a nonvacuous subset of E, we define diam (4) as the
supremum of numbers of the form lx—yl where x&A4 and yEA4;if A =0 we
define diam (A4)=0. Also we use clsr (4) for the ‘closure of 4 and bndr (4)
for the boundary of 4. Thus bndr (4) = (clsr 4)(clsr 4).

For ACE; and BC E; we define dist (4, B) as the infimum of numbers of
the form |x—y| where x&4 and y&EB.

We say A is disconnected if and only if 4 CE; and there exist non-empty
subsets C; and C; of 4 such that

.A:= C1 + Ca _and' Cl(ClSl' Cz) + .Cz(ClSl’ Cl) = 0.,

A set 4 is said to be connected if and only if A CE;and A4 is not disconnected.
A closed connected set is said to be a continuum.
If a.is a set for x in a set B, then

2 a. and ] d.

zEB zEB
are so defined that

Y. a.= E [y € a, for some x € B],
zEB v

II a. = E [y € a. for each x € B].

zEB v

In connection with set theoretic sums we point out that

§= 2 {s}

EF
whereas
E [&Gsfo'rsomesé Fl= 2 s
* €T

In fact we here and now define the more convenient notation o(§) by
o) = X 5.
L=

It should be noted that o({y}) =y. Likewise

a( )> a,) = 3 oan

zEB zEB
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If a.=0 for x in a countable set B then

2 a.

zEB

will also be used to denote the appropriate numerical sum. Whether numerical
summation or point set summation is intended will be obvious from the con-
text. :

A family § is said to cover 4 if and only if A Co(§).

In this paper we call a set 4 a Borel set if and only if it is a member of
every subfamily § of &, for which:

(i) BEF whenever B is a closed subset of E;;

(ii) o(®) EF whenever ® is a countable subfamily of §;

(iii) BEF whenever BE§.

We now enumerate some definitions and remarks specifically referred to
later on.

2.1. DeFINITION. We say A and B are disjoint if and only if AB=0. We
say a family § of sets is disjointed if and only if AB=0 whenever 4 and B
are different members of §.

2.2. DEeFINITION. We say A and B are semi-disjoint if and only if neither
is a subset of the other. We say a family § is semi-disjointed if and only if no
member of § is a subset of a different member.

2.3. DEFINITION. The family U is defined by ¢ €U if and only if ¢ is a
function on &; to E,[0<¢< =] such that:

I. ¢(0)=0;

II. ¢(B) =¢(4) whenever BCA CE,;

III. If § is a countable subfamily of &,, then

ole@®] = X o(s);
=13

IV. ¢(A+B) =¢(4) +¢(B) whenever dist (4, B) >0.

2.4. DEFINITION. The family M is defined by ¢ €M if and only if €U
and ¢(Ez) < =.

Due to Carathéodory is the following

2.5. DeFINITION. We say A is ¢ measurable if and only if A CE,, ¢,

o(W) = ¢(WA) + ¢(WA)

for each set WCE..
2.6. DEFINITION. For 0<p we define L, as the function on &, such that
ACE; implies L,(4) is the infimum of numbers of the form

Y (diam s)
)

where ® is such a countable family of nonvacuous open subsets of E; that
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c®) D4
and '
diam s < p whenever s € ©.

2.7. DEFINITION. We define I as the function on €; such that A CE.
implies

L(4) = lim L,(A).
p—0+

Definitions 2.6 and 2.7 are due to Carathéodory [2]. The number L(4)
is commonly known as the Carathéodory linear measure of 4.

2.8. DEFINITION. By counting measure we mean the function ¢ on €, such
that ¢(s) is the number of points in s whenever s C E,.

2.9. ABBREVIATION. We use the symbol f] as an abbreviation for

EE[|ly- | <]

and the symbol §; as an abbreviation for
EE[|ly-a|=1.

2.10. DEFINITION. A set I' will be called a circle if and only if there is an
xEE, and a number 7 with 0 <r <  such that I'=&].
2.11. DEeFINITION. For ¢ €U, A CE; and x EE; we define’

. AR,
:Df(A,x)=li_m¢( R

r—0+ 2r

AR,
U, 5 = Tm & £2)
r—0+ 27

’

,

A — #(4T)
Ds (4, x) = li —_—
+ (4, %) (dinmI‘)LT. res (diam I')

where § = Ep [T is a circle and * €T'] and call DJ (4, x) and D5(4, x) respec-
tively the lower and upper ¢ density of 4 at x.
2.12. DEerFINITION. For ¢ €Ul and x € E; we define
v v A A ) A A
Dy (%) = Dy (Es, 2), Dy () = Dy (Ez, #) and Dy () = Dy (Es, ).

2.13. DEFINITIONS. A set 4 is said to be strictly rectifiable if and only if
ACE, and there is: a number M >0; a closed interval J; a function f, with
domain J and range A, such that f satisfies the Lipschitz condition

| f@) — ()| S M| ¢ = 1| for # and ¢’ in J.

2.14. DEFINITION. A set 4 is said to be rectifiable if and only if 4 is a sub-
set of a strictly rectifiable set.
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We shall use the obvious and elementary properties of rectifiable sets
listed in

2.15. REMARK. (i) If 4 is rectifiable then L(4) < «.

(ii) Any subset of a rectifiable set is rectifiable.

(iii) If § is a finite family of rectifiable sets then o () is rectifiable.

(iv) If A and A’ are congruent and A’ is rectifiable then A4 is rectifiable.

(v) If A is rectifiable then clsr 4 is rectifiable.

2.16. DEFINITION. A set 4 is said to be ¢ rectifiable if and only if A CE,,
¢ &1 and corresponding to each €>0 there is a strictly rectifiable set B with
¢(AB)<e.

2.17. DEFINITION. For ¢ €U, A CE, and x € E; we define:

(i) Sgn (4, x)=clsr [Z,ep{(y—x)/|y—x|}] where B=4 —{x};

(ii) dir (4, x) =]Jse5 Sgn (48, x) where §=Es[8®;=0 for some r>0];

(iii) diry (4, x) =] Iscs Sgn (48, x) where & = Es[D5 (8, x) =0].

2.18. DEFINITION. For ¢ €Ul and x €E; we define

diry (x) = diry (E,, %)

2.19. DEFINITION. A set is said to be diametral if and only if it is of the
form {—z}+ {2} where 2E€E; and |2| =1.

A set is said to be nondiametral if and only if it is a subset of E; and is
not diametral.

2.20. DEFINITION. We say A is directional at x if and only if dir (4, x) is
diametral.

2.21. DEFINITION. We say 4 is ¢ directional at x if and only if dirs (4, x)
is diametral.

2.22, DEeFINITION. We say A is restricted at x if and only if there is a
point z in E; with |z| =1 for which {2z} dir (4, x) =0.

2.23. REMARK. If 4 CB and B isrestricted at x then so is 4.

2.24. DEFINITION. We say 4 is ¢ restricted at x if and only if

Dy, 2) > 0
and there is a diamietral set Z for which
Z dirg (4, x) = 0.
2.25. ABBREVIATION. We employ A as an abbreviation for
Egl} [| x — yl < 2 diam A4 for some y in 4],

2.26. REMARK. We note that I' = R whenever I' = &,
2.27. ABBREVIATION. We use p * ¢ as an abbreviation for

| p—ql__ 1p—q|

R, R

3. Measure. Consulting 2.3, 2.4, 2.5 for nomenclature we recall certain
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general properties of measure.
If A is ¢ measurable and W and B are arbitrary subsets of Es, then

(WA + WB) + ¢(WAB) = ¢(WA) + ¢(WB).
If A is ¢ measurable and ¢(B) < « then
$(B — 4) = ¢(B) — ¢(BA).

If § is a countable family of ¢ measurable sets then o(§) is ¢ measurable.
If A is ¢ measurable then 4 is ¢ measurable.
If WCE; and § is a countable disjointed family ¢ of measurable sets then

s(Z,ws) = T ews).
SET LIS

If B is a. Borel set-and ¢ €Ul then B is ¢ measurable. -

Several comments, which may incidentally help explain some peculiarities
of certain subsequent proofs, are incorporated in

3.1. REMARK. Suppose 4:CACAsC + - - with 4 =E:_!A3CE3..

If &€, W .is an arbitrary subset of E,, and 4, is ¢ measurable for each
positive integer 7, then as is well known
@ $(WA) = lim $(WA).

fn— 0

Furthermore if &1 and for each positive integer #; 4, is contained in

a ¢ measurable set with the same ¢ measure as 4,, then
#(4) = lim ¢(45).

n—wo
However, even with ¢ €, it may happen that
lim ¢(4,) < ¢(4),

nr00
as may be shown by an example. Accordingly certain techniques, available
to us in handling such a measure (see 2.6 and 2.7) as L, are unemployable
in dealing with a general measure ¢ in M or . Nevertheless if €Ul and
¢(A4)>0itis obvious from 2.3 II1 that

lim ¢(4,) > 0.

n—o
We state without proot

3.2. THEOREM. If ¢ €U, ACEs, and ® is the function on E; such that
D(s) =¢(As) for sCEs, then PEU and s is P measurable whenever s is ¢ meas-
urable; furthermore if in addition $(A) < «, then P IN.

3.3. CLicHE. If ¢ €Ul and ¢(4) < «» and some statement involving ¢ and
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A is readily proved by the introduction of the & of 3.2, we indicate this
state of affairs by the use of some phrase containing the words “intersecting
measure.”

Our first use of intersecting measure occurs in 3.7.

After referring to 2.6 and 2.7 it is easy to check the following well known

3.4. THEOREM. L EU and corresponding to each set A CE; there is a Gs set B
for which

ACB and L(A) = L(B).

In this section and throughout the paper the measure functions in which
we are primarily interested are rather special in that they are on €, and be-
long either to U or its subclass M. Nevertheless the results of this section and
their proofs are valid when we regard E, as an abstract metric space. In this
sense 3.7 and 3.13 are apparently [7, Lemma 15.1, p. 152] heretofore un-
known, the latter being an extension of a result, due to Hahn [3, Theorem
IV, p. 447], which lessens the importance in measure theory of such special
Borel sets as Gy's.

The following lemma is easy to prove without transfinite induction (see
[4, p. 159]) and is rather well known.

3.5. LEMMA. A set A CE. s a Borel set if and only if it is a member of every
family § such that:

(i) BEF implies BCE,;

(i) BET whenever B is a closed subset of Es;

(iii) © s a countable nonvacuous subfamsily of § implies

[Is€F and X sES.
=) €0

We are indebted to Alfred Horn for pointing out that the use of the above
lemma materially simplifies the proof of the following

3.6. THEOREM. If pEM, A is a Borel set, and €>0, then there is a closed
subset C of A with $(AC) <e.

Proof. Let § be the family defined by the conditions: BEF if and only
if BCE; and corresponding to each number ¢>0 there is a closed set C such
that ¢(BC) <e. The members of § are therefore subsets of E; and clearly
BE§ whenever B is a closed subset of E.. Also BE{ implies B is ¢ measur-
able.

Let Ay, A, A;, - - - be setsin §. Let #>0. For n=1, 2, 3, - - - choose a
closed set C, such that

Ca C An, ¢(An - n) < 172—".
Thus
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0 0 L]

[T4;-IIc;C X, -C)

j=1 ju=1 =1
and
1 ¢ IT4;,-11 Ci) < ¢[ Z(A;—Ci)] S 2 ¢(4;—Cj) <
j=1 i=1 =1 i=1
where H;"_IC ; is clearly a closed subset of H?_,A j On the other hand

lim¢(iA,-— i C,-) = ¢(iA,'— i Ci) = ¢[i(x‘1i—cf)]

noe N\ =l i=1 j=1 j=1 i=1
S S o= C) <o
and # may be chosen so large that
) s(Zai- L)<

where > _7.,C; is of course a closed subset of J_>,4 ;. Accordingly the defini-
tion of §, the arbitrariness of 5, (1), and (2), combine to tell us that

ZAI'G%O HA,E%.
j=1 jus1

Thus using 3.5 we see that each Borel set is a member of §.
The theorem now follows from the definition of .

3.7. THEOREM. If ¢ EWU, A is a Borel set with ¢(A) < =, and €>0, then
there is a closed subset C of A with ¢(A C) <e.

Proof. In the spirit of 3.3 we introduce intersecting measure; that is we
let ® be the function on &, such that

®(s) = ¢(As) for s C E,,
invoke 3.2, note that ®€ IR and $(AC) =¢(AC) for CCE; and use 3.6.

3.8. COROLLARY. If ¢ EW and A is a Borel set with ¢(A) < o, then A is
an §, plus a set of ¢ measure zero.

3.9. CorOLLARY. If ¢EU, Y EU, B is a Borel set, $(B)+y¥(B) < =, and if
&(C) =y¥(C) for each closed set CCB, then ¢(B) =y(B).

3.10. THEOREM. If ¢EM, Y EM and ¢(C) =¢(C) for each closed set C,
then ¢(B) =y(B) for each Borel set B.

Proof. This theorem is an immediate consequence of Corollary 3.9.
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3.11. CoroOLLARY. If ¢ EM, yEM, and ¢(G) =¢(G) for each open set G,
then ¢(B) =y(B) for each Borel set B.

3.12. THEOREM. If ¢ EWU and  is the function on E; such that s CEs im-
plies Y(s) is the infimum of numbers of the form ¢(S) where S is an open set
containing s, then Y EU; furthermore if in addition ¢EM, then Yy EM and
¢(B) =y/(B) for each Borel set B. '

Proof. Clearly ¢y €1l whenever ¢ EU. We let ¢ €I, make a simple check
to show that Yy €I, note that ¢(G) =¢¥(G) for each open set G and apply
Corollary 3.11.

3.13. THEOREM. If ¢E1, €>0, ¢(a) < =, a is ¢ measurable, and if each
subset A of E is contained in a Borel set with the same ¢ measure, then there is
a closed set B such that BCa and ¢(aB) <e.

Proof. Let 8, be a Borel set containing o with the same ¢ measure as a.
Since ¢(81&@) =0 we may inclose 1@ in a Borel set of ¢ measure zero and sub-
tract this set from f,, in order to obtain a Borel set 8; with 8;Ca and
é(a) =¢(B1) =¢(B2). Application of Corollary 3.7 to the Borel set B, com-
pletes the proof.

A glance at 2.8 makes easy the proof of

3.14. THEOREM. If ¢ is counting measure, then' ¢ €U and every subset of Eg
is ¢ measurable.

4. Connected sets. Recalling the Definition 2.2 of a semi-disjointed family
we state and prove

4.1, THEOREM. If § is any family of sets and
§E[CS]
is a finite family whenever s €, then there is a semi-disjointed subfamily © of §
such that
o(@®) = o(F).
Proof. Let
® =§E [s C S € § implies s = S|.
It is ebvious that @ is semi-disjointed and from the hypothesis it is readily
checked that every member of § is:a subset of some set in &. Consequently
(@) C o®) C o).

4.2, THEOREM. If A is a connected set, x EA, and 0 <r £2-! (diam A), then
r<L(A8;).
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Proof. Since A is connected and 0=r=<2-! (diam A4) it follows that
0=r'<r implies there is a y&A4 for which Iy—xl =¢’, Let § be any count-
able family of nonvacuous open sets such that ¢(F) D4 K. For sEF let
M(s) and m(s) be the supremum and infimum respectively of D_,c.{ |y—=x|}
and note that (diam s)= M(s) —m(s). Clearly 0<r’<r implies there is an
sEF for which m(s) <’ < M(s), and therefore '

2. (diams) = 3 [M(s) —m(s)] = .
:EF €T

Consequently, the arbitrariness of § guarantees L(4 &) 7.

For use in the next theorem and its proof the number T%f is defined, when-
ever — o <a<f< and f is a function whose domain includes [a, 8] and
whose range is contained in E;, as the supremum of numbers of the form

N
21 fe) = ft-n) |
il
where N is a positive integer and a={ <4 <6< - -+ <ty=8.
We read T? f as the total variation from « to 8 of f andrecall, incidentally,
that-L(S) = T% f whenever f is a continuous univalent function whose domain
is the closed interval [a, 8] and whose range is SCE,.

4.3. THEOREM. If § is a nonvacuous finite semi-disjointed family of n circles
with o(§) connected, then there is a number a >0 and a function f such that:

(i) the domain of f is [0, a];

(ii) the range of f is Z;,eg (bndr s);

(iii) f satisfies a Lipschitz condition on [0, a];

(iv) Tof=m)_,cg(diam s).

Proof. Assume the theorem is not true and let % be the smallest value of n
for which the theorem is false. Since the theorem is obvious if #=1 we see
that k=2.

Let ® be a semi-disjointed family of k circles, with ¢(®) connected, corre-
sponding to which there is no function of the required type.

Since o(@®) is open and connected, it cannot be split.into two non-empty
open sets without points in common, Accordingly we select a circle of @ and
next select a different circle of @ which intersects the first circle and proceed-
ing step by step arrive at a family § of 2—1 circles of ® such that ¢(9) is
connected. Letting s, be the sole member of  — $, we use the definition of 2
to ascertain a positive number ao and a function f, such that:

(1) the domain of fo is [0, ao];

(2) the range of fo is Z,eg(bnd; $);

(3) fosatisfies a Lipschitz condition;

(4) Tofo=m Z:Es(diam 8)i

Since o(§) is connected, the set sso is nonvacuous for some s € 9; and,
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since s and this s are semi-disjoint, the intersection of their boundaries is also
nonvacuous. In view of this we select a point 2, such that

2o € (bndr s¢) D (bndrs)
=T)

and choose £, so that 0S¢, <a, and fo(fy) =2,. Let x, and ry be such that
so= 8%, take a in E; so that zo—xo=re'*, and define the function f on
[0, ao+27] so that

fo(?) for0 £t < to,
J() = | xo + reeitati—to for ty < t < to + 2,
fo(t b 21) for to + 2= é t § ao + 2.

A check shows this function f corresponds to @ as prescribed by our theorem,
in contradiction to our previous statement that there was no such function.

By using the device known as parameterizing according to arc length we
first obtain the

4.4. COROLLARY. If § is a nonvacuous finite semi-disjointed family of open
circles with o () connected and if 1 =1I'Z,G;§ (diam s), then there is a function f
on [0, 1] with range 3 ,cg(bndr s) such that

|1 — f)| = (¢ = #) fr0s¢ s <l
Next by a transformation we obtain the

4.5. COROLLARY. If § is a nonvacuous finite semi-disjointed family of open
circles with o(g) connected and if l=1r2,eg(diam s), then there is a function f
on [0, 1] with range 3, c5(bndr s) such that

| f&) — f@&)| s W’ = v) foros¢ <t <1,

4.6. THEOREM. If A CEais a nonvacuous continuum with L(A) < o then A
is strictly rectifiable.

Proof. We infer from 4.2 that 4 is bounded, and, relying on the fact that
a bounded open set of diameter d may be included in a circle of diameter 2d,
we use Definition 2.7 of L and the Heine-Borel theorem to secure, for each
positive integer 7, a finite family §, of circles such that

ACo@s), 2 (diamS) < 2L(4) +1
SETn

and such that, in addition,
diam s < 1/n, sA#0 for s € Fn.

Now for each positive integer » we select from §., according to Theorem
4.1, a semi-disjointed subfamily ®, covering 4 ; note that s&€®, implies
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> (diam S) < 2L(4) + 1, diams < 1/m, sA # 0;
SEGa

and, employing the connectedness of A4, infer that ¢(®,) is likewise con-
nected. Upon setting

A= x(2L(4) + 1)

we are now justified by 4.5 in ascertaining a sequence f such that: correspond-
ing to each positive integer #, f, is a function on [0, 1]; its range is
D sce,(bndr S); and it satisfies the Lipschitz condition

| /a8 — fa@) | S M@ = ¥) for0s v st s 1.

Thus using the equi-continuity principle found, for example, in Theorem
V on page 304 of [3], we extract a uniformly convergent subsequence g of f,
and denote the limit function by g. Clearly

| g — g(&)| s A" = ) whenever 0 < ¢/ S ¢’ £ 1,

and a check reveals

4= 2 {z0}.

t€[0,1)
Consequently A4 is strictly rectifiable according to 2.13.

4.7. LEMMA. If C is a continuum and § is a semi-disjointed family of circles
such that

(i) o(FCC,
(ii) €>0 implies FEg[diam S>¢] is finite,
then

D=[C-o@]+ X (bndrs)
SET

is @ continuum.
Proof. We first prove D is closed. Let p, be a cluster point of

> (bndr S)
SEF

which is not a point of the closed set C—a(§). Since C is closed, p, is a point
of the open set o(F) and we let Sy be such that poES, and note that

8 = dist ({po}, So)
is positive. Letting
$ = § £ [(bndr )83, 0]

we see from the semi-disjointedness of § that S.Qf,{,’;éo and S5,70 whenever
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SEP. Accordingly each member of § has diameter greater than 21§ and
thus from (ii) it is clear that 9 is finite. Therefore p, is a cluster point of the
closed set Zseg(bndr S) with

po € D (bndrS) C 2 (bndrS) C D.
sE9 SEF
Hence D is closed. _
Next the set D is connected as we prove by contradiction. Suppose

D =D,+D, where D, and D, are non-empty closed sets and D;D;=0.
We define

$1=FE[(bndrs) CDi], §:=FE [(bndrS) C Ds).

Since the boundary of a circle is connected we have

(1) % = %1 + 82.
Moreover
(2 cF)e@E) = 2. D sS=0
€T SED:

because the boundaries of two semi-disjoint intersecting circles intersect. Us-
ing the definition of D we conclude

o(§2)Dy = o(§2)Ds é\:%-(bndr s) = () é‘:g [Dy(bndr 5)]
= o) X (bndrs) = >, > S(bndrs) = 0;
£ SEF €T

the last step follows from (2) and the fact that two circles intersect whenever
one circle intersects the boundary of the other. By symmetry

(©) o(F2)D1 = o(F)D: = O.
With the aid of (ii) and the definitions of §; and §: we check that the sets
Di + o(F1) and D, + o(F2)
are closed and utilize (1), (2), and (3) to see that their intersection, namely
D1\D; + o(§1)D: + o(F2) Dy + o(F1)o(Fe),
is vacuous. Consequently
C =D+ o) = [Di+ o] + [D: + o(§)]

and thus C is disconnected in contradiction to the hypothesis that C is a

continuum.
5. Density theory. That the use of & rather than €} in density definitions
(see 2.11) is a convenience rather than a necessity is pointed out in the fol-

lowing
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5.1.. REMARK. If ¢ €U, A CE,, and x EE,, then

AG, — #(4C,
T = tim 24D A - T 2D
=0+ 2r -0+  2r
_ AT
ol = T A

(diamr—o,rc$ diam I
where §=E[xET =@ for some yEE; and some r>0].

5.2. REMARK. Let &M, For each positive integer 7, let AY, A% and
AA be the functions on E; such that x EE, implies

A,v(x)= inf ¢(.Q,)’
o<r<l/n 2r
a2 = sp ¥,
o<r<t/n  2r
T
A_:(x) = su (1) » where

res, dia£r<1/n diam T
9= 1% [T is a circle and x € T'],

and note that the first of these functions is upper semi-continuous while the
other two are lower semi-continuous and thus all three are Borel functions.
Also let AY, A%, and AA be the functions on E, such that x €E; implies

A (x) = lim A, (x), A (x) = lim -A,. (2), A (x) = lim An (2).

We note that these functions are likewise Borel functions and moreover that
for xEE:

AT(x) = Di(a), A%(2) = Ds(x) and A*(x) = D ().

Thus Lemma 5.3 below is established. v

The proofs of Lemmas 5.4 through 5.10 involve for the most part merely
certain well known uniformization principles. The reader will presumably
wish to make use of 3.1(i) in verifying Lemma 5.6. Lemmas 5.7 and 5.8 are
corollaries of 5.6. Also leaving to the reader the proofs of Lemmas 5.5 and
5.10, we now suggest proofs for Lemmas 5.4 and 5.9.

1If €>0 and D5 (x) >0 for ¢ almost all x, then for # sufficiently large ‘the
bounded Borel set

E [| x| <» and ‘@f(x) = 1/n]

not only has the ¢ measure of its complement less than ¢, but, by Theorem
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3.6, contains a closed subset C, necessarily bounded, such that ¢(C) <e. Thus
Lemma 5.4 which follows is proved.

We next-indicate a proof of Lemma 5.9.

Letting R be the set of all positive rational numbers and checking that

E[D)(2) < 1.019; ()] = T E [t < Ds (+) S Dy (2) < 1.014],

tER =z

we choose a positive rational number « such that ¢(B)>0 where B is the
Borel set

v A
E [@ < Dy (x) < Dy (2) < 1.01a).
Accordingly, we select an integer # so large that ¢(B’) >0 where B’ is the
bounded Borel set
BE[| 2| < n and a < 4, () < An(2) < 1.01a].

Remembering Theorem 3.6, let C be a bounded closed subset of B’ with
¢(C) >0, let 6=x"" and note that

a < 6(®7)/2r < 1.01a < 1.01D; (%)

forx€Cand 0<r<3é.
With these remarks in mind the reader should have little difficulty in
supplying proofs for Lemmas 5.5, 5.6 and 5.10.

5.3. LEMMA. If a>0, ¢ N, then the three seis
E[D,(®)>al, E[De(®)>al, E[Dy() >a
are Borel sets.

5.4. LEMMA. If EM, €>0, and if D5 (x) >0 for ¢ almost all x, then there
is @ number a>0 and a bounded closed set C with ¢(C) <e such that D5 (x) >a
Jor xEC.

5.5. LEMMA. If ¢EM, a>0, €>0, and if DI (x)>a for ¢ almost all x,
then there is a number >0 and a closed set C with ¢(C) <e such that

a < $(R2)/2r
Jor x€Cand 0<r<aé.

5.6. LEMMA. If ¢ EIM, u>0, €>0, A CE,, and D5 (x) <pfor ¢ almost all x
in A, then there are positive numbers 6 and \ and a bounded closed set C such that:

A<p #40) <¢
S(R2) < v
whenever xEAC and 0<r<4.
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5.7. LEMMA. If ¢ EM, €>0, and if D5(x) <  for ¢ almost all x, then there
1s a finite number \>1 and a bounded closed set C with ¢(C) <e such that

$(RY) < 2
Jor x€C and 0<r <\,

5.8. LEMMA. If ¢EM, u>0, >0, A CE,, and D5 (x) <p for ¢ almost all
xE&EA, then there is a subset B of A and a 6> 0 such that

¢(B) > ¢(4) — e
and
$(R%) = 2ur
for x€EB and 0<r <.

5.9. LEMMA. If ¢EM and Df(x) <1.01 D (x) for ¢ almost all x, then
there are positive numbers o and & and a bounded closed set C with ¢(C) >0 such
that

#(R%)

v
5, S 1.0la < 1.019, ()
r

IIA

a

Jor x&€C and 0<r<5é.

5.10. LEMMA. If ¢ EM and 3DA(x) <4DY (x) for ¢ almost all x, then there
are positive numbers o, & and n, with 1 <n<3~4, and a bounded closed set C,
with ¢(C) >0, such that

@ S $(R)/2r,  $(T)/diamT < an
whenever xC, I is a circle with xET', 0<2r <4, diam I' <.

The next theorem, of which we make considerable use, is well known and
follows immediately from Theorem 3.5 of [5]. Referring to 2.25 for the mean-
ing of 7, we state

5.11. THEOREM. If M >0 and a set A is covered by a family § of circles each
with diameter less than M, then there is a countable disjointed subfamily ® of
& such that

AC X T.
ree
This Theorem 5.11 may also be proved directly, even though 4 is un-

bounded, by a method closely patterned after the procedure outlined on p. 109
of [7].

5.12. THEOREM. If €M and A is a Borel set, then D(A, x) =0 for L
almost all x in A.
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‘Proof (by contradiction). Supposing the set
AE[D,A, %) > 0]

has positive L measure, we select a positive number % such that
(1) L(B) > 0 |
where
B = E[D,A, 9) > nl.

Take 0<e<1, choose a closed subset C of 4 such that ¢(AC) <e, and
let § be the family of those circles of the form ] where xEB,
e dist ({x},0) (AR
10 1 +dist ({2},0) 2

With the help of Lemma 5.11 we pick a countable disjointed subfamily ® of
& such that

0<r<

7.

BC Y T.
ree

Noting diam I' < e and I'CC for I' €F we are assured by 2.6 and the definition
of § that

L(B) £ X (diamT) = 5 ), (diamT) < al 2. #(Ar)
ree ree n redg

S S . 5
= —¢[ds(®)] = —¢l0) < —e
n n L

From this last relation we have L(B) =0 in contradiction to (1).

The proof is complete.
If I is a circle of diameter d and x €T then I'C & and we have

$5.13. THEOREM. If ¢ €U, A CE,, and x €E, then
Dy (4, 1)/2 S Dy (4, ) S Dy (4, 2).
5.14. THEOREM. If ¢ EM and A is a Borel set, then, for L almost all x in A,
Dy(x) = Dy (4, %), De(x) = Do(4, %), Da(®) = D (4, #).
Proof. We check that
De (1) < Dy (4, 2) + Dy (4, 2) < Dy (2) + Do (4, 2),
Dy (%) < Do, ) + Do(d, 2) < Ds(2) + Dy, 2),
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D) = DNU, 1) + DXA, %) = Dh(x) + 2054, 1),

for x EEz.
Recourse to Theorem 5.12 completes the proof.
Using intersecting measure we obtain the

5.15. CoroLLARY. If ¢ €U, BCACE:, ¢(4) <, and B is a Borel set,
then, for L almost all x € B,

Di(4,2) = Dy (B, 2), Dp(d, 1) =Ds(B, 1), Ds(d,2) =Ds(B, 2.

5.16. THEOREM. If ACE: and L(A) < «, then DA, x) =1 for L almost
all x€EA.

Proof (by contradiction). Assuming the set 4E.[D#(4, x) >1] has posi-
tive L measure, let 7 >1 be such that

¢)) L(B)>0
where
B =AE (DL, ) > ).

Let € be a positive number and use Definition 2.6 to ascertain a positive
number & such that both

L(4) = Li(4) + ¢  L(B) = Ly(B) + e
Select a family §§ of circles covering B such that I'&§ implies
2 diam T < /5
and
L(AT) > 7 (diam T).

Relying.upon Theorem 5.11 we let @ be a countable disjointed subfamily of §§
such that

BC YT
reoe

and observe from (2) and Definition 2.6 not only that
LyB) £ Y (diamT).
reo
but also, upon setting D =0(®), that
Ly(AD) £ Y (diam I).
ree

From Definitions 2.7 and 2.6 follow 0SL(AD)—Ly(AD), 0<L(AD)
—Ly(AD), and also’
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Ly(4D) + Ly(AD) = Ly(4);
whereas from the measurability of D follows
L(AD) + L(AD) = L(4).

Consequently

0 < L(AD) — Ly(AD) = [L(4D) — Ly(4D)] + [L(4D) — L(4D)]
S L(A) — Ly(4) < e
and

L(AD) £ Ly(AD) + e.

Remembering the disjointedness of @ we have
n 3, (diamT) S 3 L(AT) = L[40(®)] = L(4D)
ree ree

S LiAD) 4+ e¢=< Y (diam T) + ¢,
reé

and therefore

€

2 (diamT)
ree 7—1

Recapitulation now reveals

Se

L(B) —e<Ly(B) < Y (diamT) =5 diamT <
ree ree n7—1

and we use the arbitrariness of € to see that L(B) =0 in contradiction to (1)-
The proof is complete.

5.17. THEOREM. If ACEs and L(A) < » then DA(A, x) S1 for L almost
all x.

Proof. Relying on 3.4 let B be a Borel set containing A with L(B) finite
and note from 5.12, 5.13, and 5.16 that D&(B, x) <1 for L almost all x.
Thus the desired conclusion is reached.

5.18. LEMMA. If¢ &M, A CE,, and SDf‘(x) >uz0 for L almostall x in A4,
then pL(A) =5¢(Es).

Proof. Let B=AE.[D2(x)>u]. Let & be a positive number and § be a
family of circles covering B such that

(diam I') < 8/5, &(T) = pdiam T forT € §.
Relying on Theorem 5.11, let ® be a disjointed subfamily of § such that
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BCD reol. We thus have
pLs(B) S p Y diamT = 54 2 diam ' £ 5 2 ¢(T) = 5¢[¢(®)] < 5¢(Ey).
reeé reé reod

Therefore uL(A) =uL(B) S5¢(E,).
5.19. COROLLARY. If ¢ EM, then E.[D2(x) = « | has L measure zero.
Using intersecting measure and applying Lemma 5.18 we have

5.20. LEMMA. If ¢ EIM, ACE:, and D5 (A, x) >u20 for L almost all x
in A, then uL(A) S5¢(4).

5.21. LEMMA. If ¢EM, A is a Borel set, and D5(x) >p20 for L almost
all xin A, then uL(4) S5¢(4).

Proof. Since 4 is a Borel set we note from 5.14 that D5(x) =D5(4, x)
for L almost all x in 4, and use Lemma 5.20.

5.22. LEMMA. If ¢ EM, A is a Borel set, and D5 (x) >0 for L almost all
xEA, then L(B) =0 whenever B is a Borel subset of A with ¢(B)=0.

Proof. Let B be a Borel subset of 4 with ¢(B)=0. Letting
B, = BE [D4(2) > 1/x]

for each positive integer #, we see from Lemma 5.3 that B, is a Borel set and
thus from Lemma 5.21 that L(B,) =0. Furthermore B;+By+Bs+ : - - is L
almost all of B and thus L(B) =0.

5.23. LEMMA. If ¢ €M, A CE,, and D5 (x) <p for ¢ almost all xE A, then
d(4) =2uL(4).

Proof. Let ¢>0. Relying on Lemma 5.8, determine a set BC4 and a num-
ber >0 such that

¢(B) = ¢(4) — ¢

and

$(R)/2r < u
forx€B and 0 <r<4.
Also determine a family § of open subsets of E; such that

BC o), L(B)+e= Y, diams;
LS
sB # 0, diam s < §/2
whenever s €§.
For s& let I, be a circle with center at a point of sB and radius equal to
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diam s. We then have the relation
$(4) —e< ¢(B) = 3, ¢(Bs) = 2 ¢(Ts) < u 2, diam T,
IEF €T €T
=2u é; diam s < 2u[L(B) + €] < 2u[L(4) + €].
The conclusion ¢(4) <2uL(4) follows.

5.24. COROLLARY. If ¢EM and L(4) < =, then AE,[D2(x)=0] has ¢
measure zero.

5.25. LEMMA. I ¢ EM, and D5 (x) < o for ¢ almost all x, then correspond-
ing to €>0 there is a 6>0 such that ¢(A) <e whenever L(A) <.

Proof. Let ¢>0. Take u>0 so large that ¢(B) <2~l¢ where
A
B = E [Dy () = u]

Putting 6=€(4u)! we use 5.23 and see: L(4) <& implies
$(4) < ¢(4B) + ¢(4B) < ¢(B) + ¢(4B) = ¢/2 + 2uL(4B)
S ¢/2+ 2uL(4) <l/2+ ¢/2 =«

5.26. COROLLARY. If ¢EM, and Di(x) < for ¢ almost all x, then
¢(A) =0 whenever L(A) =0.

5.27. THEOREM. If ¢ €U, u>0, 4 is rectifiable, and Dy (x) <p for ¢ almost
all €A, then ¢(A) S10uL(4).

Proof. Let f be a function on the open interval E,[0<t<1] to E; which
satisfies a Lipschitz condition and whose range R includes 4.

We divide the remainder of the proof into three parts.

Parrt 1. If aCA and diam a=0 then ¢(a) =0.

Proof (by contradiction). Suppose ¢(a) >0.

The set « is nonvacuous and there is a point p such that

Ia'—‘{?}' ‘_Df(p)=oo.

Consequently
¢.<A E D) (%) = oo]) = ¢(a) > 0

in contradiction to the hypothesis that DY (x) <u for ¢ almost all x in 4.
Parrt I1. If aCA and aCBCR with B connected, then (o) < 10uL(B).
Proof. If diam 8=0 then diam =0 and ¢(a) =0 by part I.

We therefore assume diam 8>0.
Let o’ =aE,[Dy (x) <u] and note that
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(1) ¢(a’) = ¢(a).

Let § be the family of circles such that I'&§ if and only if there is an xEa’
and an 7 with

(2) 0 < r < diam 8/2
such that
3) I'=Q; and ¢(T) < pdiam (T).

Clearly § covers a’. Furthermore, since 8 is connected, we have from (2) and
Theorem 4.2 that

@ r EI% implies (diam I') < 2L(AT).

Now select, according to Theorem 5.11, a countable disjointed subfamily @
of § such that

(5) «C YT

ree
From (1), (5), (3), Abbreviation 2.25, (4) and the disjointedness of & we have
4@ = #@) 5 o( D)5 T o0 5 T uldiom D
reo reo. reeé

=5u3 diamT < 104 3 L(8T)
ree reo

= 10uL[Bs(®)] < 10uL(B).

PART III. ¢(4) S10uL(4).
Proof. Let ¢>0 and, by 3.4, let D be an open set containing 4 such that

©) L(DR) = L(4) +

Let § be the disjointed family of open intervals such that ¢(§) is the open
set E;[f(f) €D], and, for IEF, let

=% {0}

ter
Now: letting

§= T ()

IES

we note that § is a countable family of connected Borel subsets of E; with
DR= % T (/) = T 1* = o®.
IET €1 IES
We next select a finite subfamily @ of § such that
#(DRC) < ¢
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where

C = o(®).
Notice that
) C CDR

and
® #(4) = ¢(4C) + $(AC) = $(AC) + ¢(DRC) < $(AC) + e

Let O be the family such that 8E€ § if and only if 8 is of the form o(J)
where: & is a subfamily of &; ¢(J) is connected; and ¢(J)a (@ — I) =0. We
note that 9 is a finite disjointed family of connected Borel sets.

If it were possible for s to be a member of ® and to be a subset of no mem-
ber of § we could be led by an iterative procedure to the false proposition
that © is infinite. Accordingly CCa(9) and, since it is evident that ¢(9) CC,
we conclude that

©) C =(9).

Recalling that § is a disjointed family of connected Borel sets we use
(8), (9), Part II, (7), (6) to obtain

$(4) S ¢(AC) + ¢ = ¢[4a(D)] + ¢ = ﬁg:a &(48) + e
S10uY, L(B) + ¢ = 10uL[o(D)] + ¢
BED

= 10uL(C) + ¢ < 10uL(DB) + ¢ < 10u[L(4) + ¢] + e

Therefore ¢(4) <10uL(4).
The proof of 5.27 is complete.

5.28. COROLLARY. If ¢ E, then AE.[D] (x) =0] has ¢ measure zero for
each rectifiable set A.

5.29. COROLLARY. If ¢EM, D (x) <o for ¢ almost all x, then ¢(B) =0
whenever B is a rectifiable set for which L(B)=0.

5.30. THEOREM. If ¢EM, u>0, $(4) >0, D5(x) >u for xEA, and if ¥
is the function on €, such that sCE, implies Y(s) is the infimum of numbers
of the form ¢(S) where S is an open set containing s, then Y &M and there is a
point xoE A such that

Do (4, x0) > /7.

Proof. A simple check shows that Y €. In order to prove there is a point
x9E A4 such that

Dy (A, 20) > u/7
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we shall show that the relation,
) Do(4, 2) < u/7 for x € 4,

leads to a contradiction.
Let €>0, let H be an open set such that HCA4 and

$(H) = ¥(4) + ¢
and let §§ be the family of circles I such that

) ITCH, O0<diamT <1, ¢(4T) < 5¢(T)/6.
In the next paragraph we show that § covers 4.

Supposing x €A, choose positive numbers 7, 7s, 73, - « -+ such that r,—0
asn—w;

0 < lim 27,/6(R7) < 1/u.

fn—ro

With the aid of (1) we find
5ry,

Sra
_lﬁ'p(AR’ ) s T [vP(ARz ) 2.

n—o ¢(R;") = n— o 101',; ¢(@;n)

Accordingly for n sufficiently large 87 EF and xE 82 Co(F).-
Now use Theorem 5.11 to select a countable disjointed subfamily ® of §
for which 4 Czpeg?. Therefore, remembering (2), we infer the relation

1 5 s
]é DA, 1) — S~ <—-
m 7 6

—~ — 5 5
W) = w(rz Ar) < T U <~ T o0 = > ¢[o(®)]
€6 reo 6 reo 6

5 5
S—¢(H) S — W) + ¢
6 6
from which follows the false proposition

5
0<¢(4) =¥4) = —6:¢(A) < ¥(4).

5.31. LEmMA. If ¢ €M, ACE.,
@f(x) >0 and SD?(A, ) =0 for x€ 4,
then ¢(A) =0.
Proof. Let €>0, n=¢[¢(E2)+1]! and § be the family of circles I' such
g;ite g fldiam I'<1 and ¢(4AT) <n¢(T). In the next paragraph we show that §

Letting x €4, choose positive numbers 7y, 73, 73, + * + , such that: r,—0 as
n— oo,
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Tn
ne G(R7 )
We have

br,

s(ART) [¢<Aﬁ ) 2. ]
im ——~ = 5 lim =
n—w ¢(ﬁ':") n—w 10r, ¢(@;’)

Accordingly for n sufficiently large 82 EF and xE8> Co ().
Now use Theorem 5.11 to select a countable disjointed subfamily ® of §
for which 4 C)_reel, and note that

o) = ¢( > Af) < S oD £1 5 6() = 16[0(®)] S 16(E) +
ree ree reo

Thus ¢(4) =0.

5.32. THEOREM. If ¢ EM, A CEs, and D5(x) >0 for ¢ almost all xEA,
then D5(4, x) >0 for ¢ almost all xEA.

Proof. Let
C=AE[Dy(x) >0] and B=4AE [T(4,2) = 0).

Consequently SD,‘%‘(BC, x) =0 for x€BC, and we use Lemma 5.31 to obtain
¢(BC) = ¢(B).

5.33. THEOREM. If ¢ EU, ACB, ¢(B) < =, and ‘DA(B x) >0 for ¢ almost
all xEA, then D5 (4, x) >0 for ¢ almost all x in A

Proof. Use intersecting measure on B.
6. Rectifiability and directionality. Theorems 6.1, 6.2, and 6.3 which fol-
low are rather immediate consequences of 2.17.

6.1. THEOREM. Sgn (4, x) =0 if and only if AC {x} CEa.
6.2. THEOREM. If x € E,, A CE,, then
dir (4, #) = J] Sgn (4K, %)
rER

where R is any set of positive numbers with 0 as a cluster point.
6.3. THEOREM. If x EE., A CE,, then
dirg (4, %) = H Sgn (AE’ x)
BED

where

$=E[BC4,0:6 2 =0]
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Recalling 2.8 we obtain
6.4. THEOREM. If ¢ is counting measure, x S E,, and A CE,, then
diry (4, x) = dir (4, %).

6.5. THEOREM. If ¢ EU, A CE;, BCE,, and xS E,, then
(i) Sgn (4+B,x)=Sgn (4, x)+Sgn (B, %),

(ii) dir (44 B, x) =dir (4, x) +dir (B, %),

(iii) dirg (4 +B, x) =dirg4 (4, x) +dir4 (B, x).

Proof. Since the closure of the union of two sets is the union of the closures
of these sets we see that (i) holds. If 8, and B, are sets such that D5(B1, x)
=D5(Bs, x) =0, then D5 (B1+P2, x) =0; and we see that (iii) holds. Letting ¢
be the counting measure of 2.8 and 3.14, we see that (ii) follows from (iii).

6.6. THEOREM. If ¢ EU, xEACE,, and C is a bounded closed set with
C diry (4, x)=0, then there is a se¢ BCA such that D5 (B, x)=0 and
CSgn (4 B, x)=0.

Proof. For 2&C: let B, be such that
A -
B. C A, Dy (B:, %) = 0; {z} Sgn (46., x) = 0;

recall that Sgn (AE,, x) is closed; take S; to be an open set of which z is an
element and for which S, Sgn (48., x) =0. The Heine-Borel Theorem allows us
to select a finite subset C’ of C such that

CC 2 S.
PI=eld

Letting
B= 2 8.
Ec
checking that

De(B, 1) S Y D (Bar 2) = 0,
2Ec

we observe that 2&€ C’ implies
S. Sgn (4B, x) C S, Sgn (48., x) = 0.
Thus
C Sgn (4B, x) C D S.Sgn (4B, x) =0

Ec

and the proof is complete.
By taking C=Gj, ) in the above theorem we have the
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6.7. THEOREM. If ¢ €U and ACE, then dirs (A, x) =0 if and only if
D24 —{x}, x)=0.

Letting ¢ be counting measure in Theorem 6.7 we have

6.8. COROLLARY. If ACE, then dir (4, x) #0 if and only if x is a cluster
point of A.

Using 6.7 and Theorem 5.12 we have the following

6.9. COROLLARY. If ¢ €M, A is a Borel set, then dir, (4, x) =0 for L almost
all x&A.

From 6.5(iii) and Corollary 6.9 we have the

6.10. THEOREM. If ¢EM and A is a Borel subset of E,, then diry (4, x)
=dir4 (x) for L almost all x€EA.

Use of intersecting measure leads to the

6.11. CoroLLARY. If ¢EU, BCACE,, ¢(4A)< =, and B is a Borel set,
then diry (B, x) =diry (4, x) for L almost all xEB.

6.12. THEOREM. If A is sirictly rectifiable, then there is a set WCA with
L(AW) =0 such that xEW implies:

(i) A is directional at x;

(ii) D (4, x)=Df(4, x)=1;

(iii) corresponding to £Edir (A, x) there is a continuum aCA such that
DF (a, x) =1/2 and dir (o, x) =&.

Proof. If diam 4 =0 then L(4)=0 and the theorem is trivial.

We assume henceforth that diam 4 >0.

Let g be a function on [0, 1] to E; which satisfies a Lipschitz condition
and whose range is 4. Using the process known as parametrizing according
to arc length, we ascertain a number />0 and a function f on [0, !] with
range 4 for which

| f@) —f@)| < ¢’ —¢ for 0S¢ <t <1,
1
W | 7/(&)| = 1 for Lebesgue almost all ¢ in [0, 2].

We now define

Ti=[0, ] E[| r@)| = 1]+ {o} + {1},

By = Z {f(t)}'
1ETy

By = AE[D1(4, 2) > 1),
W= A.Blﬁg.
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Thus L(B:) =0 by Theorem 5.17. From (1) we conclude L(B,) = (Lebesgue
measure of T1) =0. Therefore

L(AW) = 0.

We set about showing that W has the additional properties ascribed to
it by the theorem. To this end let x be any point in W and select a number 7,
with 0 <7</, for which x=f(r). Define z=f'(r), note that |z| =1, take §>0
such that

) 0<|t—r| <5 implies f(‘i 1O _ <12
Let
A, = E {f(t)}, A4 = Z {f(t)}» As = A, + A,.
tE€ [r—8,7) 1€ [r,7+3)

Note that 4,, 42 and 4; are closed connected sets (continua).

We divide the remainder of the proof into 6 parts.

Part L If ¢/ <t", =8 <t/ ST <t'’ ST+, then 0<|f(t"") —f(t")]|.
Proof (by contradiction). Assuming f(t') =f(t'’) we infer from (2) that

0< " —¢=|a|@—¢)=|@E" =Dz + (r — )]
S| [ =l = ) = /O +| [ = £l = [ = f)]]
SW=-1/24+ @G =-0/2=0" =12

As an immediate consequence of Part I we have
Parr II. 4:4;= {x}, diam 4,>0, diam 4,>0.
ParT IIL. D7 (4,, x) =1/2, DF (4s, x) =1/2,

Dr(4, %) = D24, %) = Dy #) = Dr(ds 2) =1, D2 (4dy) = 0.

Proof Since 4, and A4; are continua with positive diameter, it follows from
Theorem 4.2 that DF(4), x)=1/2 and DY(A4s, x)=1/2. Hence, since
A1+ As=A4;, L(4:14:)=L( {x}) =0 and D2(4, x) S1, we infer

1< Dy 4y, 2) + Os (As, 2) < Dy (A + As, 2) = Dy (4s, 2)

<Di4, ) S DA, ) S 1.

Furthermore, inasmuch as Dy (4s, x) DA (43, x) DA (4, x), we also have
DA(43,x) =1. Using that Asisan L measurable (closed) subset of 4, we obtain

0= Dr(Ads 0 DL, 2) —Dr(As8) =1—1=10

and thus Part 111 is proved.
Part IV. dir (4,, x) = { —z}, dir (4., x) = {z}
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Proof. Let g1, 2, g3, - + - be points distinct from x with g,—x as #— % and
such that either

¢g.E 4, for n=1,2,3, - or g E Ay for n=1,23,.--.

For each positive integer n: let ¢, be such that f(¢,) =g, and [t,.-'rl < &; note
that (2) helps us infer

| go = 2| = ft) = 1| 2 | ta — 7| /2
Accordingly t,—7 as n—». By letting v=—1 or +1 according as ¢ is or is
not an element of 4,, we see that »(¢,—7)>0 for each positive integer #,
and also see that
gn — % . J) — f(7) . @) = f(r)  v(ta —7)

lim ————— = lim —————— im

woe [ — 2] nom [ J) — J)]  me e — 1) |G — S

In— T 4
=vz]im, = - = 3.
wee | f(tn) — () | =
Part V. dir (4, ) ={ —z} + {2} and 4 is directional at x.
Proof. Let £ be any point in dir (4, x). Let p1, s, ps, « - - be points in 4
distinct from x with

3) lim g = #,  lim-2n % ¢
ne ne | pn — 2
For each positive integer %: let
@ po = dist ({#a}, 40)/2, 10 =|pn — x| + pu;
check that
S 20 S|pu—x|, 8mCRT, AR5 =0,

AART D A4S Ry, = ALKy = ARy
observe that Theorem 4.2 implies
L(ARy) Z po;

infer
) 0<|pn— 2| Sra=2(p0—2|;
L(A4:87) L(AS o
) (44,8 )g (ﬁm)g p .
20 20n 4| pa— x|

Thus inasmuch as SDf(AfL, x) =0 by Part III, we see from (5) and (6) that

) lim ——— = 0.
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‘Now, for each positive integer #n: recall the definition (4) of p,; remember
that A4; is closed; choose g, so that

(8) G EAs, | pa—gu| = 200 S| p0 — x| ;
and note
(9) Iq”_xlglfn"xl—|Pu—q,g|=|ﬁn—x|—2p,..

With (7) in mind select a positive number N so that #> N implies 2p, < | pn —x|
which in turn, by virtue of (9), implies | qn —xl >0. Consequently n>N im-
plies

Pn—‘x _ gn — % - Pn—Q»'l‘q»—x_ gn — X
| #a = 2| | gn— =] | o — | | gu — =]
< 2pn gn =%  gn— %
|pn == lpa—2| |gu— 2|
2pn | gn — 2| = | pa — =]
=4 |¢.— %
el T T =]
< 2pn + lqya—pnl — 4Pn .
|pn— x|~ |pa—2| [pa— =]
This last relation, (7), and (3) combine to yield
lim—&:i—=1im P % =t
n—ew an - xl n—ow lp,. - x[

and, since (3) and (8) assure us that ¢,—x with g, in 43 as n— o, it is immedi-
ate that

E E dir (As, x).
By our choice of ¢ we have now shown
dir (4, x) C dir (43, ) C dir (4, =),
so that use of 6.5(iii) and Part IV yields
dir (4, x) = dir (43, x) = dir (44, %) + dir (4o, ) = {— 3} + {z}.

Referring to 2.19 and 2.20 we conclude at once that 4 is directional at x.

Part VI. If ¢€dir (4, x), then there is a continuum o CA such that
DY (o, x) =1/2 and dir (o, x) =£.

Proof. From Part V we know £= —z or £=2. Recalling Part III we take

a=4, in the event £= —z and take a=4; in the event £=2. Since the sets
4, and 4; are continua the proof is complete.

6.13. LEMMA. If ¢ EM, A is strictly rectifiable, u>0, D5 (x)>u for L al-
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most all x in A, and DY (x) <« for ¢ almost all x, then A is ¢ directional at ¢
almost all of its points.

Proof. Identifying the notation of the theorem and that of 6.12 we let W
be the set whose existence is assured by 6.12, and let ¥ be any point in W.
Since L(AW)=0, Remark 2.15(ii) and Corollary 5.29 enables us to infer
¢(4 W) =0. Therefore, since 4 is directional at y according to 6.12, we know
that dir (4, x) is diametral and that completion of our proof is tantamount to
the verification of

(1) diry (4, y) = dir (4, y).

Select £€dir (4, x) and let, as in 6.12, « be a continuum contained in 4
for which

v
Dula, y) 2 1/2,  dir (o, 9) = {£}.

Since D2 (x) >u for L almost all x in 4, we are assured by 5.21 of the follow-

ing relation,

L(aR))

= £ forr > 0,
S 2r

$(af))
2r

which convinces us that

Dy (@, 3) Z 1/10 > 0.
Thus, since ¢( {y} )=0 by 5.29, we have

Dy — {5}, 9) = Dyl 3) & Dy 3) > 0.
Hence from 6.7 it follows that
0 5 diry (a, ) C dir (o, 3) = {£}.
Accordingly
£ € dirg (a, y) Cdirg (4, 9),
and recalling the choice of £, it is apparent that
dir (4, y) C dirg (4, y) C dir (4, ¥).

The validity of (1) is established and the proof is complete.

We later obtain as an incidental result that a strictly rectifiable set 4 is
L directional at L almost all points of 4. This special result may now be ob
tained by defining the function ¢ on &; so that ¢(S)=L(4S) for SCE; and
applying Lemma 6.13.

6.14. LEMMA. If EM, A is a strictly rectifiable set, and D (x) <  for ¢
almost all x, then diry(x) is diametral for ¢ almost all x in A.
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Proof. Let €>0. Since 4E,[D5(x) =0] has ¢ measure zero by 5.24, we

select such a number u that

(1) 0<u<l1l, ¢dB)<e

where B is the Borel set AE.[D5 (x) >u].
Let ¥ be the auxiliary function on & such that

¥(s) = ¢(Bs) + L(4Bs) for s C E,.
Check that y €.
From 2.15(ii) and 5.29 it is clear that ¢(Bs) =0 whenever L(s) =0. Thus
2 L(s) = 0 implies y¢(s) = 0.

Since Corollary 5.19 implies the set
A
E[Dy(2) = ]

has L measure zero, it follows from (2) that

&) SDj(x) éiD?(x) < o for ¢ almost all x.
Since

@ ¥(8) = ¢(8) for 8 C B,

we use 5.14 to infer

s) Dy (2) = Dy (B, ) = Dy (B, z) = Dy () > u

for L almost all x in B; on the other hand; using 5.15 and 6.12, we also infer

© Dy (x) = Dy (B, #) = Do (4B, 2) = Do (4, %) = 1>
for L almost all xE4 B. Relations (5) and (6) assure us that

A
N Dy () > for L almost all z in 4.

We combine (3), (7) and 6.13 and discover that 4 is ¢ directional at y almost
all of its points. Accordingly

® diry (4, x) is diametral

for Y almost all x in 4.
From (4) and 6.3 it may be inferred that

diry (B, x) = dir, (B, %) for x € B.
From this and 6.11 it follows that
9) diry (4, x) = diry (B, x) = diry (B, x) = diry (x)



270 A. P. MORSE AND ]. F. RANDOLPH [March

for L, and hence ¢, almost all x in B. Consequently, in view of (8) and (9),
we see that diry (x) is diametral for Y almost all x in B.

Hence dir, (x) is diametral for ¢ almost all x in B.

Reference to (1) completes the proof.

6.15. THEOREM. If ¢EU, 4 is ¢ rectifiable, p(4) < », and DY (4, x) < ©
for ¢ almost all x in A, then A is ¢ directional at ¢ almost all of its points.

Proof (by contradiction). Choose B so that BCA4, ¢(B) >0, and dir, (4, x)
is nondiametral for x&B. Use the ¢ rectifiability of 4 to obtain a strictly
rectifiable set C for which ¢(BC) >0.

Let ® be the function on &, such that ®(s) =¢(4s) for sCEs and note:
PEM; DY (x) < © for ® almost all x;

1 ®(BC) = ¢(BC) > 0.

Since ®(8) =¢(B) for each BCA it follows from 6.5(iii) and 6.3 that xEE,
implies

dirg (2) = dire (4, x) + dire (4, 2) = dire (4, x) = dir, (4, x).

Accordingly dirg (x) is nondiametral for each x € BC, and 6.14 assures us that
&(BC) =0 in contradiction to (1).

6.16. REMARK. In Theorem 6.15 the hypothesis that ¢(4) < «» may be
dispensed with. We neither prove nor use this fact.

6.17 LemMA. If €M, SD:;V (x) < o for ¢ almost all x, and A is rectifiable,
then there is a set BT A such that: $(AB)=0; B is directional at each of its
points; and

dir (B, x) = diry (B, x) = diry (4, x) = dir (4, %)
for each xEB.
Proof. Let C be a strictly rectifiable set containing 4 and define

Wi =CE [C is directional at ],
W, = Aé,‘ [4 is ¢ directional at x],

B = W1 W,.
Note that BCA4 and use 6.12, 5.29, and 6.15 to infer
LAWY = 0 = ¢(AWy),  ¢(AWs) =0, $(4B) = 0.
Thus, with the aid of 6.5(iii) and 6.7, verify that x EE,; implies
dirs (4, %) = diry (4B, x) + dir, (B, %)

W = diry (B, x) Cdir (B, x) C dir (4, z) C dir (C, x).
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Since both diry (4, x) and dir (C, x) are diametral for each xE€B, we con-
clude from (1) that

dir (B, x) = dir, (B, x) = dirg (4, x) = dir (4, %)
for each x € B, and that B is directional at each of its points.

6.18. THEOREM. If ¢ €U, ¢(4) < o, DY (4, x) <  for ¢ almost all x in A,
and A is rectifiable, then A contains a subset B such that ¢(AB)=0 and such
that B is directional and ¢ directional at each of its points.

Proof. Use intersecting measure and 6.3, and apply Lemma 6.17.

6.19. THEOREM. If ¢ EU, ¢(4) < 0, DY (4, x) < ® for ¢ almostall x in A4,
and A 1is ¢ rectifiable, then corresponding to each positive number € there is a set
BCA such that $(AB) <e and such that B is directional at each of its points.

Proof. Use 6.18 and the definition of ¢ rectifiability.

7. Restrictedness and rectifiability. We recall, before giving the next theo-
rem and its proof, that 7 is the point (0, 1) of Ez and that for x in E, the num-
bers x; and x; are such that x = (x,, x2).

7.1. THEOREM. If >0, A is a bounded subset of Es, and & Sgn (4, x) is
vacuous whenever x A, then A is rectifiable.

Proof. The theorem being obvious in case there is a p&E; such that
AC{p}, we assume that 4 contains at least two points.

Let p’ and p’’ be distinct elements of 4 and set P=p''—p’. Since
f7 Sgn (4, x) is vacuous for x in A we know that

|i—P/| P{| Zn,
from which follow successively the relations
1= P/ | P|+|P|/| P| 2,
P2 | P+ (A —n)|P| ||+ Q=0 P +]P]),
P, — (1 —ﬂ)lpzl §2|P1|-

Thus if P,=0 we conclude from the last relation that
P, < 217t Py,
an inequality which is obvious if P; <0. Accordingly
pi' — pd S 2t i’ — pi |
and we have shown
xf’ — 2] <2 x{' — «f| for &’ € 4 and "’ € A.

This implies
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|x{'ex{|§2n“|x{'—x{| for ' and 2"’ in 4
which in turn implies |
1) | x3! — xf l =< 2n‘1| xf! — xf I for ' and x” in clsr 4.
Letting

Ad=clsrd, C= 2 {u},
ISy

we note that C is a bounded closed subset of E; and that (1) assures us that 4
is the graph of a function (or, if we prefer, is a function) with domain C. De-
noting this function by & we observe

(2 > {@, r@)} = 4.
tEc

Taking J as the closed interval containing C with end points in C we extend
the function % to the open intervals comprising J— C by linear interpolation
to obtain a function g on J which, because of (1), satisfies the Lipschitz con-
dition

| g@) — g@)| = 29| ¢ — ¢| for#/ €Jand ¢’ € J.

Finally we define f on J by
@) = (2, ¢() fort € J.
Clearly f satisfies the Lipschitz condition

7 — @) | s A+ 20| ¢ = ¢| for# € J and ¢’ € J.

By (2) the range of f includes 4 which in turn includes 4.

7.2. THEOREM. If n>0, A is a bounded subset of Es, sEE;y with |z] =1,
and if &2 Sgn (4, x) s vacuous whenever x €A, then A is rectifiable.

The proof is obvious and may be effected by the rotational device of
letting
S= 2 {— iz},
zES
selecting A, so that A;=4, and checking that 4 is congruent to the set 4,
which is rectifiable by 7.1.

This scheme is employed in more detail in the proof of 7.19 where the
argument is slightly more complicated due to the presence of a measure.

7.3. THEOREM. If >0, r>0, A is a bounded subset of Es, 3EE; with
]z[ =1, and if 81 Sgn (4 8%, x) is vacuous whenever xC A, then A is rectifiable.
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Proof. Let § be a finite family of sets such that A Co(F)CE: and
diam s <2~ whenever s&€§. Clearly if sEF and xEs then 4sCA R, and
Sgn (4s, x)CSgn (A&, x). Thus by 7.2, sE§ implies As is rectifiable and
therefore, § being finite, Z,E g(4s) is rectifiable.

7.4. THEOREM. If A is restricted at each of ils points, then there is a count-
able family § of rectifiable sets for which

4 = o).

Proof. Recall 2.22. Let ' =E;E,[|3| =1]. Let B be such a countable sub-
set of I' that its closure is I'. Let R be the set of positive rationals less than 1.
Let N be the set of positive integers. Let 4,= &,04.

Checking that
A= E Z Z: Zw(n1'vn'z)
:EB 3€ER rER 2EN

where
w(n,r,n,2) = As E [} Sgn (4.8%, x) = 0],

we see in the light of 7.3 that § may be taken as the countable family

z X 2 L lemrnaal

$€EB yER rER nEN

7.5. DEFINITION. For @ and \ positive numbers and x €E, we define
(x, a,\) = €[| Y1 — x,] <a and | y; — 2;| <al.

7.6. LEMMA. If x € E,, 0<\, 0<7, 0<a, A\p=40, and if x’ and x'’ are ele-
ments of {x, 5a,\) for which x4’ —x{ =N\a, then there are sets o’ and o'’ such that
) + o) =0, o +a” = (x50, \),

Sgn (¢!, ') C Ri,  Sgn («”, 2”) C R
Proof. Consider the sets

s + x5’

a’=l;3[|y;-x1|<5aand §yz<xz+5)\a],

x x
"=€[|y,— 21| < 5¢ and x, — 5M<y2§’—-;—].
Clearly o’ {x’} =0, &'’ {x'’} =0 and &’ +a’’ = (¥, 5a, A). We shall now prove
(1) Sgn (o, #') C Ri.
Let p’Ea’, denote p’ —x’ by &’ and note the relations
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Iz'lgz;=p;—x;giﬂ;_xz“_xz,=x_;'_z—_xi=¥>o
and
| & | < 10a,
which together imply
. p— I £l lfl'l
SRrErii ls’l! “Te T el
(2) = | &) — & +]&| §|$1|+£2’—£,'+|£{|
¥l H
_2A8 ] _4le| _d0a_40
|f'| = \a A

Thus (1) is established.
Similarly taking p’'€a’’ and denoting x’’ —p'’ by £’/ we note the relations

|&| 2 Na/2>0 and |&’]| <10

which together imply
EII
T

l_i_ ?u_x// l

| Ip//_xnli=

<

We conclude
Sgn (o, &'") C o
As a corollary we have

7.7. LEMMA. If xEE,, 0<\, 0<7, 0<a, \p=40, yE (x, 5a, N), | y2—x2]
=\a, then there are sets 3’ and B'' such that

gix} +8"'{y} =0, B +8" ={x 582,
Sgn (8’, x) + Sgn (8", y) C £ + f.

7.8. LEMMA. If xEACE,, 0<9<1, \p=40, w=10"2, and Sgn (4, x) K"
1S nonvacuous, then there is a number b >0 such that

0#.4}5 [(| y1 = 21| <B) and (| y2 — 22| = NB)].

Proof. Since Sgn (4, x) R;" is nonvacuous we select a point pEA such that

| - X
-?—————-zl<wn<102

Tr==]
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let £=p—x, and check in order:

¢ . & (Ez )l
—_— = + 1) < < 1072,
el ~ T ITel T\l — /1T
l—f’——1|<1o-=, |&] >0,
| £
:
Ifll<0"1If|éwﬂl‘ér|+wﬂlf2|§l—;l+wﬂ|fz|,
4 |&] |&]
<2 = — .
| &] < 2wm] &| T < X
Accordingly
lpl_x1|<_l_p_2—)\_x’|_.

We now define b so that Ao = | p2— 1|, note that | pr—21| <5, and conclude

is nonvacuous (in fact p is m it).
7.9. DEFINITION. We say A is countably ¢ rectifiable if and only if ¢€1I'
and there is a countable family § of rectifiable sets such that

ol4 — o] =0.

It should be noted that 4 is countably ¢ rectifiable whenever it is ¢ recti-
fiable. Furthermore if $(4) < «» then 4 is countably ¢ rectifiable when and
only when 4 is ¢ rectifiable. It is likewise obvious that o(®) is countably ¢
rectifiable whenever @ is a countable family of countably ¢ rectifiable sets.

7.10. NoTATION. Whenever ¢ &l the notation ¢° will be used to denote
that function ¢ on &, such that sCE, implies y(s) is the infimum of numbers
of the form ¢(S) where S is an open set containing s.

Thus from 3.12 it follows that ¢°S U or ¢°€ M according as ¢S U or pEM.

7.11. THEOREM. If ¢ €1, >0, 0<n<1, Ap=40, 6>0, 0<p=40-15,
§€ A CE;, and if corresponding to each x A there is a set B such that
(i) (R1:+87) Sgn (B, x) =0,
(ii) ¢(BRL) =2re for 0<r=34,
then there is a rectifiable set D such that
$%(ADRY) = 240Npe.
Proof. Let

(1) K = AR,



276 A. P. MORSE AND J. F. RANDOLPH [March

) w = 1072,
©) D = KE [8 Sgn (K, 2) = 0],
(4) C = KD.
From 7.1 it follows that D is rectifiable.
Notice that
(%) D+ C =K,

and that verification (in Part IV below) of the relation
¢%(C) =< 240Npe

will complete the proof.

For x&€C we define a numerical set T, as follows: b& T, if and only if
b>0and

(6) 05 KE [(| 31— m| <) and (| y2 — 2| = M)].
Accordingly for x& C: we use (2), (3), (4) and Lemma 7.8 to check that 7T,540;
with the aid of (6) and (1) we infer
©) AsupT,Sdiam K £ 2 < =}
we select a number a.E T; such that
(8) 0<a.=supT:= 2a.< .
Letting
o= {F [lt=a|<el}, X=X {u},

zEC

observing that X CE, and that X is covered by the family § of open intervals,
we use the one-dimensional analogue of 5.11 to obtain a countable subset Co
of C for which

9 S {E[]t— x| < a.]} is disjointed
zE Co- ¢
and
(10) XC X E[|t— x| < S5a.]
zECy

We divide the remainder of the proof into four parts.
Part L.

> 2a. S 6p.
zeCo
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Proof. With the aid of (4) and (1) we obtain
diam X < diam C £ diam K £ 2
so that we may use (8) and (7) to infer

dla.mz E[[t-x1| < a:] < 2p + diam X + 2p < 6p.
zEC,

Recourse to (9) completes this proof.
Parrt I1.

ccC L (%, 5a., \).

zCo

Proof (by contradiction). Suppose y is in C and
(11) Y& 2 (= San ),

z Co
note that 9, X and use (10) to secure an x’ in C for which
(12) | 31 — «f | < 5a...

Now the statement, y& (x, Sa.r, A), which is a consequence of (11), combines
with (12) to yield

5Nao S| y2 — af .
Determining b so that \b=|y2.—x4 | we have
(13) 5Mao S| 92 — 2 | = Nb.
Thus (13) implies the relation
Sa,, b <5b
which combines with (12) to tell us
(14) | 91 — x| <.
From the relations yECCK, (14), (13), (6) follows the proposition
be T,
which, viewed in the light of (8) and (13), implies the contradiction
b=sup T, = 2a.,» < Sar» £ 0.
Part II1. If x€C, then
o((%, 5@, \)) < 80\a.e.
Proof. Since ¢.E T, we use (6) to ascertain a point yEK with

’yl—x1|<0z, |yz—le=)\a,.
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Noting that x and y are in (¥, 5a., \) with |y2~x,| =)\a., and invoking
Lemma 7.7, we choose sets 8’ and 8’/ for which
Biz} +8'{y} =0, B+ 8" = (x,5a,)\),
Sgn (&', %) + Sgn (8", y) C &L + £

Putting d =diam (x, 5a., \), and checking that 1 SA < =, we use (8) and (7) to
obtain

(16) d < 10a, + 10Ac, < 20Na, < 40p < 4.

Because of (16), (ii), (i), and the fact that x and y are in KCA4, we can
and do select sets B; and B; such that

(17 H(BiRY) S 2e,  $(Bafty) S 2de,
and
(8 + 89)[Sgn (B, %) + Sgn (B, )] = 0.
Referring to (15) and the last relation we deduce
Sgn (8'By, %) + Sgn (8 Bs, y) C (RL: + £)[Sgn (By, x) + Sgn (B, 3)] = 0,

and thus, from 6.1 and (15), conclude B8’ B, +8"' B.CB'{x} +8'" {3} =0. Ac-
cordingly the relation

(%,5¢:,\) =0 + B’ =8B+ 8B+ "B + ﬁ"Bz .
= g'B, + 8" B, C Bx(x, S5az, N\) + Ba(x, 5@z, \)
C Blﬁ‘z 4- Bzﬁ‘,
may be combined with (17) and (16) to give

6((%, 562, \)) < $(BiRY) + $(BaR)) < 4de < 80Na.e.
PART IV. ¢%(C) S240\pe.
Proof. Using the fact that the set

E (%, Saz \)

3600

is open and also 7.10, Parts II, III, and I, we discover

#© s4( T (x50 x>) S T ol 504\

€ Cy zECy

< > 80Na.e = 40Ne ) 2a, = 240Mpe.
zECy zECy

7.12. THEOREM. If €U, 0<n<1, §>0, 4 is a bounded subset of E,, and
if corresponding to each x ©A there is a set B such. that
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(i) (R1:4K7) Sgn (B, x) =0,
(1) ¢(BRL) <27 for 0<r <9,
then there is a rectifiable set C such that $*(AC) < «.

Proof. Let § be a finite family of nonvacuous sets each with diameter less
than 407!6 such that 4 =o(§). Letting Ay =40, p=40"15, e=1, we use 7.11
to associate with each sE{ a point x,Es and a rectifiable set D, such that

¢ (sD)) = ¢ (sD.R2) < 2400pe < oo.

Accordingly the rectifiable set

2. D,

SET
has the properties demanded of C by the theorem.
7.13. THEOREM. If p EM, ¢(4) >0,
De(x) >0 and ({— i} + {i}) diry () = 0
for ¢ almost all x €A, then there is a rectifiable set with positive ¢ measure.
Proof. Ascertain u>0 so that ¢(4,;) >0 where
Ay = AE [D, () > ul.

Remember that Sgn (s, x) is closed for sCE, and x EE,, and select a posi-
tive number 5 <1 such that ¢(42) >0 where 4. is the set for which x&E4; if
and only if there is a set B such that
- A
x€4;, (RL4R)Sgn (B, %) =0, Dy(B,2) = 0.
Choose N and € so that
Ay = 40,
(1) 240Ne = p/10.

Take >0 so that ¢(43) >0 where 43 is the set for which xE€4; if and only
if there is a set B such that

2 E A, (R + ®)) Sgn (B, x) = 0,
o(BRY,) < 2re for0<r=s.

Noting A;C A4, with ¢(45)>0, we infer that D5 (x) >u for xEA4;, use 7.10
and 5.30 to obtain a point £ in 4; for which D5(4s, £) >7-'u and fix a num-
ber p such that

0 < p < 8/40,
©) 6" (4:8D > 2up/T > uo/T.
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With the aid of 7.11 we so secure a rectifiable set D that

¢'(4:DR7) < 240Mpe.
Viewing this last relation in the light of (2) and (1) we discover
- $'(D) Z ¢'(4:DRY) = ¢'(4:8D — ¢ (4587
Z pp/T — 240Npe > up/10 — pp/10 = 0.

Now let K =clsr D. Since D is rectifiable, K is likewise. From 3.12 and (3)
follows the relation

o(K) = ¢%K) 2 ¢%D) > 0.

Consequently there is a rectifiable set, namely K, with positive ¢ measure.
The proof is complete.

7.14. THEOREM. If ¢ EM, ¢(4) >0,

De(x) >0 and ({— i} + {i}) dir, () = 0

Jor ¢ almost all xE A, then there is a rectifiable subset of A with positive ¢
measure.

Proof. Let €I be the function on &, such that sCE, implies ®(s)

=¢(4s). Since Df(x)=D5(4, x) for xEE, we infer from 5.32 that
D% (x) >0 for ¢ almost all x in 4. Inasmuch as the relation

dirg (x) C diry (x)
follows immediately from Definition 2.17, it is evident that
({—i} + {i}) dirg (#) = 0
for ¢ almost all x&A. Consequently
Ds (%) > 0, (=i} +{i})dirg (x) = 0
not only for ¢ almost all x in 4 but for ® almost all x.

Thus 7.13 guarantees us a rectifiable set C with &(C) >0 and we obtain
the rectifiable set 4 C with ¢(4C) = &(C) >0.

for x € E;

7.15. LEMMA. If ¢ EM and if every Borel set with positive ¢ measure con-
tains a rectifiable set with positive ¢ measure, then E; is ¢ rectifiable.

Proof. Let ¢>0 and § be the family of all rectifiable sets. Denote

sup ¢(a)
aEF

by M and let C;C C.C C;C - - - be closed rectifiable sets for which ¢(C,)—M
as n— . Setting

C=Ci+Ca+Cot---
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we observe that C is a Borel set and that, whether ¢(C) >0 or ¢(C) =0, our
hypotheses enable us to select a number u>0 and a rectifiable subset 4, of C
such that ¢(4,) =u¢(C). Since C,+A, is then rectifiable with C,d,CCA4,
CCC =0 for each positive integer n, we have

M+ 1) = M + ¢(40) = lim [¢(C.) + ¢(40)] = lim ¢(C. + 40) < M,

from which it follows that
up(C) =0, o) =0.

Inasmuch as ¢(C,)—¢(C) =0 as n— © we know that ¢(C,) <e for n suffi-
ciently large. Accordingly E; is ¢ rectifiable.

7.16. THEOREM. If ¢ EM, A CE,,
Dp(x) >0 and ({— i} + {}) diry () = 0
for ¢ almost all xE A, then A is ¢ rectifiable.

Proof. Let ®C I be the function on &, such that sCE, implies ®(s)
=¢(4s). A glance at the proof of 7.14 convinces us that

De(® >0, ({— 4} + {5}) dire () = 0

for ® almost all x. Thus, corresponding to each Borel set B with positive ®
measure there is, by 7.14, a rectifiable subset of B with positive ® measure.
Accordingly 7.15 assures us E; is ® rectifiable. Hence 4 is ¢ rectifiable.

7.17. THEOREM. If ¢ EU, ¢°(4) < =,
Do(x) >0 and ({— ) + {i}) diry (2) = 0
for ¢ almost all xE A, then A is ¢ rectifiabdle.

Proof. Since ¢°(4) < « we can and do select an open set G containing-4
for which ¢(G) < . Letting ® be the function on &; such that sCE, implies
P(s) =¢(Gs) we note: PEIM;

Do (2) = Dy (x),  dirs (2) = dirs (2)
for each x in the open set G. Consequently
Do) >0, ({—i} + {i})dire (2) = 0

for ¢ and ® almost all x&A. Theorem 7.16 now assures us that 4 is ® recti-
fiable. Thus 4, being a subset of G, is ¢ rectifiable.

7.18. THEOREM. If ¢ €U, A CE,,
Da(x) >0 and (J— i) + {i}) dirs (8 = 0
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Sor ¢ almost all x €A, then A is countably ¢ rectifiable.

Proof. Let R be the set of positive rationals less than 1. Let N be the set
of positive integers. For nEN, &R, 6& R we let w(n, 3, 8) be the set defined
by: xEw(n, 5, 6) if and only if there is a set B such that

(0) €4, |x|=n,

(1) (R + 87) Sgn (B, x) = 0,

¢)) ¢(B.Q"z) <2 for0 <r =<.
Setting

©) B=3 3 2 olmn?)

SER ER nEN
we check that
ADHDAE[({~ i} + {i}) dir (=) = 0],

infer from our hypotheses that
(4 #(4H) = 0,

and divide the remainder of the proof into two parts.

Part 1. If nEN, nER, §ER, then w(n, n, 8) is countably rectifiable.

Proof. Let D=w(n, 5, 8). Since (0) implies D is a bounded subset of 4,
we use (1), (2), and 7.12 to obtain a rectifiable set C such that ¢*(DC) < «.
From 7.17 it follows that DC is ¢ rectifiable. Thus the set D, which equals
DC+DC, is ¢ rectifiable and hence, a fortiori, countably ¢ rectifiable.

PART I1. 4 is countably ¢ rectifiable.

Proof. From (3) and Part I we know H is countably ¢ rectifiable. In view
of (4) it is now evident that 4 is countably ¢ rectifiable.

7.19. THEOREM. If ¢ EWN, ACE,, Z is a diametral set,
De(2) >0 and Zdir, () = 0
Jor ¢ almost all x €A, then A is countably ¢ rectifiable.
Proof. Let { —z} + {2} =Z; 2’ = —zix, for xEEy;

s=2 {«}

zE.
for sCEs. Let ¢ be the function on &, such that
v(s) = ¢(3) for s C E,.

Observe that |x’—y’| =|x—y| for x and y in Es, check that ¢ €11, and note
that
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f; = Z 5, m = H $
€T sET €T €Y
for each family § of subsets of E;. Next infer
Sgn (s, x) = Sgn (5, x), ibi (s, x) = SD? s, «'),
diry (2) = dir, ()

¢y

whenever sCE; and x EE,.
Setting

(2) A= AE [Ds(5) > 0 and Z dir, (3) = 0]

we select 4 so that 4,=4, and verify that

3 (=i} + {s]) diry () = ({ = 2} + {z}) diry («") = Z dir, (') =0

for x&A,y. With the help of (2), (1), (3), 7.18 and 7.9 we secure a countable
family © of rectifiable sets such that

¥[40 — o(®)] = 0.

Consequently
0= 8@, - @] = o[ 4:- T 3]
€0

Since § is congruent to the rectifiable set s for each sE® it is now clear that
A, is countably ¢ rectifiable and, inasmuch as our hypotheses and (2) together
imply ¢(4A4,) =0, it is evident that 4 is likewise countably ¢ rectifiable.

7.20. THEOREM. If ¢ €U and E, is ¢ restricted at ¢ almost all of its points
then E, is countably ¢ rectifiable.

Proof. Letting
r=EE[|lsl=1], a6 =E[(-s} + {s}) dirs () = 0],

we select a countable subset 3 of I' whose closure is I'. Since diry (x) is closed
for x €E, it is clear that ¢(B) =0 where
B = Z a(z).
€8
Now for zE&8 we gather from 2.24 that D2(x)>0 for ¢ almost all x in

«(2) and hence conclude from 7.19 that a(2) is countably ¢ rectifiable.
Accordingly B, and hence E., is.countably ¢ rectifiable.

7.21. THEOREM. If ¢ EW, and A is ¢ restricted at ¢ almost all of its points
then A is countably ¢ rectifiable.
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Proof. Let €U be the function on &; such that ®(s) =¢(4s) for sCE,.
With the help of 6.5 (iii), 6.7, 6.3, we deduce

dirg (x) = dirg (4, x) + diry (4, %) = dirg (4, x) = diry (4, %)
for x€A. Checking that D8 (x) =D% (4, x) for xEE, it follows from Defini-
tion 2.24 and our hypotheses that E; is ® restricted not only for ¢ almost

all x€ 4 but for ® almost all x. Accordingly Theorem 7.20 implies E; is count-
ably & rectifiable. That 4 is countably ¢ rectifiable is now evident.

7.22. THEOREM. If ¢ EU, ¢p(4) < =, and A is ¢ restricted at ¢ almost all
of its points then A is ¢ rectifiable.

Proof. Use 7.21 and the fact that ¢(4) < =.

7.23. THEOREM. If ¢&EWU, and A s countably ¢ rectifiable then
DY (4, x) >0 for ¢ almost all xEA.

Proof. Introduce intersecting measure and use 5.28.

7.24. THEOREM. If ¢ €W, B is ¢ restricted at ¢ almost all of its points,
ACB, then A is ¢ restricted at ¢ almost all of its points.

Proof. Inasmuch as diry (4, x) Cdir, (B, x) for x EE,, the only difficulty
arises in verifying that D5 (4, x) >0 for ¢ almost all xEA.

Since B is countably ¢ rectifiable by 7.21, we see at once that 4 is likewise
countably ¢ rectifiable. From 7.23 it is apparent that

Ded, 9) Z Dy (4, 9) >0
for ¢ almost allxEA4.

7.25. THEOREM. If ¢ €, and A is restricted at each of its points then A is
countably ¢ rectifiable.

Proof. Use 7.4.

7.26. THEOREM. If ¢ €, $(4) < =, and A is restricted at each of its points,
then A is ¢ rectifiable.

Proof. Use 7.25.
7.27. THEOREM. If A is ¢ directional at x, then A is ¢ restricted at x.

Proof. Letting { —z} + {2z} =dir, (4, x), we note that {—iz}+ {iz} is a
diametral set whose intersection with dir, (4, x) is vacuous. Moreover inas-
much as diry (4, x) #0 it follows from 6.7 that D2(4, x) >0.

Obviously we also have

7.28. THEOREM. If A is directional at x, then A is restricted at x.

7.29. THEOREM. If ¢ €, ¢(4A) < =, and if corresponding to each positive
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number € there is a set BC A such that (A B) <e and such that B is restricted
at each of its points, then A is ¢ rectifiable.

Proof. See 7.26.

7.30. REMARK. If in Theorem 7.21 we replace ¢ by counting measure, the
theorem which emerges is noticeably weaker than 7.4. Thus in view of the
meaning (see 2.22) of the phrase “A is restricted at x” it is natural to regard
the phrase “A is ¢ restricted at x” as short (compare with 2.24) for:

A
SD«, (A,x) >0
and there is a point 2E E; with lzl =1 for which
{z} dir, (4, x) = 0.

The futility of this viewpoint will now be shown.

Throughout this remark we shall call a set a triangle if and only if it is a
closed set consisting of the interior and boundary of an equilateral triangle
with its base horizontal and below the opposite vertex. Thus the length of
each of the three sides of a triangle is equal to the diameter of the triangle.

For T a triangle and 7 a positive integer: construct 2n+1 triangles, each
with diameter equal to

diam T
41

so placed that the union of their bases is the base of T'; next take the middle
triangle and vertically translate it upward until its top vertex coincides with
the top vertex of T'; denote the family of 2#+1 triangles thus obtained by
0.(T).

Let T be a triangle with diameter 1. Let §o={ To}. Let 1, Tz, s, - - - be
so determined that

o= 2 0D

TE 3'3—1

for each positive integer #.
Noting that ¢(g1) Do (F2) Do (Fs)D - - - we define

F=%1+8+Fs+ -
and(?)

(‘/{ = ﬁ U(%n).

n=1

() This set <4 seems to have many properties in common with the set P described on
pages 327 and 328 of [1].
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Since TEg implies the projection of «4T on the base of T is the base of T
we have little difficulty in verifying that
L@AT) = diam T Cfor T €.
In partichlat
LeA) =
An appraisal of our geometric construction convinces us that
{e?} diry (A, 2) =0
for xEeA and /3 <0<2x/3. In fact a more careful analysis reveals that
{e?} diry A4, 2) =0

for x€ed and 0<O<mw. : :

We shall term a triangle in § an apex triangle if and only if its top vertex
coincides with the top vertex of some larger triangle in §.

Let W be the set so defined that x € W if and only if x EeA and the number
of apex triangles of which x is an element is finite. Inasmuch as

- 1
}.Il(l T+ 1) =0

we conclude L(W)=0.
A check shows that

SDZ A, 2)=0 for % Ge/fﬁf;

consequently Dy (eA, x) =0 for L almost all x in 4.

Since L(A) = 1>0 it follows from 11.1 (1) and 11.1 (4) that A isnot L
rectifiable.

A further examination of <4 makes clear that

SDi\(c/f, x) = 1/2 for x EA;
and a closer scrutiny discloses that
A
DA, x) =1

for L almost all x in eA. ‘
Now consider the two statements which follow.

STATEMENT L. If ¢ €U, ¢p(4) < o,
Dod, %) >0 and ({— i} + {i}) diry (4, 2) = 0
for ¢ almost all x in A, then A is ¢ rectifiable.
STATEMENT II. If g€, p(4) < 0,
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D (4, ) >0 and {i} dir, (4, ) = 0
for ¢ almost all x in A, then A is ¢ rectifiable.

Since e**/2 =1, it follows from 7.22 and the properties of <4 that Statement
I is true and Statement II is false.

8. Density ratios. Recalling abbreviation 2.27 we state

8.1. THEOREM. IfyEM, P=(0, 0), Q=(1, 0), A CBCE.,, and if further
(i) PEA and Q€A4,
(ii) 1=¢(R1)/2r<1.01 for xEBand 0<r <2,
(iii) 1 =yY(B8L)/2r<1.01 for x€A and 0<r=<2,
then Y(P + Q) >.06.

Proof. Let
T = 8, p=28", 1{=g
T, = R, ! = Rq T4 = R,
R= (160, Ts=8z, H=T{-Tj.

It is possible that the reader may find it instructive to draw a judicious
number of the above circles. However the reasoning here given is purely
arithmetic in form. .

In order to prove Y(P * Q) >.06 we assume hereinafter that Y (P » Q) .06
and divide the remainder of the argument into parts culminating in Part VI
which is easily recognized as false.

Part 1. Y(T'\I:) =.06.

Proof. P1P3=P * Q

PArTII. T +4T.+T3CTY’.

Proof. x €T, implies

|z—Q|<|a—P|+|P-0Q|<1+1=2
which in turn implies x €T’ . '

Obviously T',CTy’.
Finally x €T; implies

|2—Q|=|s-R|+|R-Q| <14+ .6=2, and zET{.
PART III. T CILI.

Proof. Suppose * €Il and let r,=|x—P|, ra=|x—Q|, rs=|x—R|. Since
x &I we know

(1) n<1, 1< (1.4 = 49/25.
We also have

2) £+5=&
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3) (21— 8/5)" + 22 = (21— 1.6)" + 23 = 13,
4) rn=(m— 1"+ 2.
From (2) and (3) we find
80x, = 25r; — 2573 + 64.
From (4) and (2) we have |
40r; = 40 + 40r, — 80z,
Thus
40r; = 40 + 40r; — 25r; + 2575 — 64
= — 24 + 15r + 255,
Use of (1) yields
40r; < — 24 + 15 + 25(49/25) = 40.

[March

Accordingly 72<1 and xE€T's, and since x €I, we have shown that x &I,

The proof of Part III is complete.
Part IV. If x€EH, then |x—R| <.31.

Proof. Let ri=|x—P|, n=|x—Q|, nn=|x—R|. Since x€H=T{ —TY

we know

(5) re<.36, 1224
We also know

(6) x4 2 =11,
) (=1 +m; =1,
® r: = (%, — 1.6)z + x:

From (6) and (7) we find
221 =11 — 13 + 1.
From (8) and (6) we have
ra = 2.56 + r; — 3.2z
Thus
rs = 2.56 + 11 — 1.6r1 + 1.6r2 — 1.6
= .96 + 1.6r, — .6r1.
Use of (5) yields

rs < .96 + (1.6)(.36) — (.6)(2.4) = .096 < (.31)".
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The proof of Part IV is complete.

PART V. The set BH is vacuous.

Proof (by contradiction). Suppose x&€BH and let r3= Ix—Rl . By Part
IV we know

9 rs < .31.
Now let
r =gt

and note that y&T implies
|y =Rl S|y—2|+|2—R| <14 —=ri+1r =14,
which in turn implies y ET's. Thus I'CT'; and, using Part III, we infer that
(10) Ty C Tsl'h C eIy
and also, making use of Part II, that
r{’ DT+ T DT+ T
Hence from (ii), (10), _and Part I we obtain
4.04 2 Y(T7') 2 Y(T'1 +T) = ¢(T1) + ¢(T) — ¢(I'TY)
22+ 28— 2r; — Y(T2ly) 2 4.8 — 273 — .06.
Thus 4.04=4.74 — 2r;. That is,
rs = 2.37 — 2.02 = .35

in contradiction to (9).
Part VI. 3.131>3.14. A
Proof. Since H=I'{ —T'{ we have

r{ =T{I{ + (I{ — T{) = T{T{ + H,
and since BH is vacuous by Part V, we see that
BTy = BIJI{.
Therefore BI'Y DBT'Y and hence
Br{ D BT{ + BIY D BT + BIy,
inasmuch as I''CTY. U§ing (iii), the fact that I'y CI'y, and Part I, we infer
2.02p 2 y(BTY{) 2 Y(BT:1 + BIy)
= ¥(BT,) + ¢(BT{) — ¢(BI.I{)

Z Y(BT1) + ¥(BT¢) — ¢(Tl)
2 2+ 1.2 — .06.
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Consequently 2.02p=3.14. Remembering that p=1(2.4)V2<1.55 we get
3.131 = (2.02)(1.55) > 2.02p = 3.14.
The proof of Part VI is complete.

8.2. THEOREM. If ¢ EM, ¢(E2) >0, and D5 (x) <1.01 DF (x) for ¢ almost
all x, then there is a closed set C with $(C) >0 and a number >0 such that

$(p+q) Z u|g— 2]
for p&Cand g&C.

Proof. In accordance with 5.9 we select positive numbers « and 8, and a
bounded closed set D with ¢(D) >0 such that

#(R9)
2p
for 0<p <6, and £ED. Letting ®EM be the function on &; such that
&(s) = ¢(Ds) for s C E,,

and checking that Dg(£) SD2(£) < » for ¢ and ® almost all { we are as-
sured by 5.14 and-5.26 that

a <Dy @) =Dy D) = Da(®)

for L and ® almost all £ in D. Inasmuch as ®(D)=¢(D)>0, Lemma 5.5
yields us a number 8:>0 and a bounded closed set D, such that

(K%
3D) >0, oz
2p

v
a S < 1.01a < 1.01D, (%)

)

for £ED, and 0 <p < 8. Now take
6102
81 + 82

so that
0<86<é8, 0<58<ds
Set D, =D,D. Observe that ¢(D;) =¢(DeD) =®(D,) >0 and that
Py P P, P,
< 8D _ 908D _ o@D
2p 2p 2p

- < 1.0l

for £€D; and 0<p < 4. Since the bounded closed set D, is expressible as a
finite sum of closed sets each with diameter less than 2-16 we now can and
do select a closed subset C of D; for which
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diam C < §/2, ¢(C) >0, CCD.

Clearly
' f
(1 a§¢(2:>§l.01a fort&Dand 0 <p <,
p .
. DRI’
) a§¢(2 ‘)§1.01a fort €Cand 0 < p < 8.
4P

Having effected this uniformization we put

3) p = .06
and suppose p&C, g€ C. We shall complete the proof by showing that
@) $(p+q) 2 ulg— 2|

To this end let d= |q— pl , note that (4) is trivially true if d =0, assume
henceforth that >0, let P=(0, 0), Q=(1, 0), and T be the function on E;
(that is the finite complex plane) such that

T(x) =(g—plx+p for x € E,.

Clearly T is a continuous, univalent function whose domain and whose range
is Es, indeed for x €E; and yE E; we have

| TG) — T(®)| = d|y - =|.
Introduce the abbreviations

#=T(x), 5= 2 {«'};
zEs ‘

check that

=355 sf.=30s

whenever x EE;, r>0, sCE,;, SCE;; define ¢ as that function on &€, such that

1
Y(s) = — (3 for s C E,.
: _ ad
Verify that y €I and that
YR 1 $GRY)
(5) = \
2r a 2rd

whenever xEE; and 0<r< «. Determine sets 4 and B so that
A=C, B=D.
Since ¥ €B implies x’ €D, since x&€A4 implies x’€C, and since 0 <7 <2
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implies 0 <rd <2 diam C <3, it follows from (5), (1), and (2) that

[
1§¢(2)§1.01 fora€EBand 0 <7r = 2,
r
Y(BRY)
1= 2 <101 forx€E4and0<r = 2.
r

Recalling that P=(0, 0), Q=(1, 0) we have
ACB, p=P, g=¢, Pc4d, Q€d4,
so that Theorem 8.1 implies
¥(P+Q) > .06.
A simple check shows
+Q = p*g,

from which we deduce

1 1
—;‘;—(ﬁ(p*q) = a—dtﬁ(PtQ) = Y(P+Q) > .06.

With the help of (3) we thus conclude that
é(prq) > .06ad = .06a| ¢ — p| = u| g — p|
and that (4) is true.

8.3. THEOREM. If ¢EM, 3DA(x) <4DJ (x) for ¢ almost all x, then there
s a closed set C with ¢(C)>0 and a number u>0 such that

¢(prq) Z 1| g — 2|
for p€Cand gEC.

Proof. By Lemma 5.10 there are positive numbers «, §, 7 with 1 <9 <4/3
and a bounded closed set C’ with ¢(C’)>0 such that the relations xE(’,
T is a circle with x €T, 0<2r < §, diam I' < § together imply the relations

#(R7) #(T)

b

2r dia.ml‘—m7

1) a =<
Since C’ is expressible as a finite sum of closed sets each with diameter
less than 3-1§, we choose a closed subset C of C’ with ¢(C)>0 and diameter
less than 3-14.
Putting u=a(4—39), observing the positivity of u, and supposing pEC
and ¢&C we propose to complete the proof by showing
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@) $(p+q) Z ulg— 2|

To this end let d= lq— p[ , note that (2) is trivially true if d=0, assume
henceforth that d>0, and define

+ "
=”29, =R Th=8Y Ty=gb

Since x €T implies |x—’| <|x—p| +|p—p’| <d+.5d and since xET; im-
plies |x—p'| <|x—g¢| +|g—2’| <d+.5d we see that T'y4+T'sCTs. Accordingly

#(Ts) = ¢(T1) + ¢(T'2) — ¢(I'1Ty).
From this, (1), and the fact that 2d £3d =3 diam C < it follows that

pl

3dna = 4da — ¢(I'\T'2) = 4da — ¢(pq)
and hence that
¢(psq) = a4 — 3n)d =p|q— p|.

With the verification of (2) the proof is complete.
9. Density ratios and rectifiability.

9.1. THEOREM. If

(i) ¢EM and u>0, ,

(ii) 0<D2(x) < = for ¢ almost all x,

(iii) C is a bounded closed set with ¢(C)>0,
(iv) ¢(p+q)zp|g—2| for pEC and gEC,

then there is a rectifiable set of positive ¢ measure.

Proof. We determine: according to Lemma 5.4, a number >0 and a
closed set 4 such that

#(d) < ¢(C)/4,
and
A
Dy (2) > forx € A;

and next, according to Lemma 5.7, a number A>1 and a closed set B such
that

#(B) < ¢(C)/4
and
$(R7) = 2
for x€B and 0<r<\-L. Let C;=4BC, note that C; is closed and that
#(C1) > ¢(C)/2 > 0,
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(1) Do () > a> 0 for x € Cy,
2 #8%) < 2 for s €Caand 0 <7 < 1/A.
Let € be a number such that both
ap
3) 0‘< € ‘< 2T 2400
and
4 0<e<a/2

We use 5.12 and 5.26 to see that D2(Ci, x) =0 for ¢ almost all x in C; and
now ascertain xo& C; and a number § such that ,

(5) 0<d< 1/
and

L4
¢(C1R:,) <e

© 2r

for0 <r <.

Next, relying on (1), we let 7, be a number such that
m 0 < 70 < 3/12, |
¢(3':.) > ary
and note, using (4) and recalling 2.9, 4
$(C:€2) Z $(C1R%) = #(R7) — #(C:8%) > are — 2re > 0.
Let
Ci = C%, where r = inf E [62, D €L,

and check that ‘
. C1@2, =C 16':

and
®) Ci bndr G, 5 0.
It is clear that r; S7o, but we observe furthermore that

0< 7 = ro;

for if it were possible that 7,=0, it would follow that Cs= {x,} and that

kg

o({z}) = $(C) = $(C:E%) = $CiED) >0 and D (xe) = =,
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contrary to (2). Therefore

(9) #(C2) > ro(a — 2¢) = r1(a — 26).
We define
y = bndr'.ﬁ‘:,.
Since bndr &7} =bndr ;! we have from (8)
(10) 0 % ¥C187, C 7C:.

Let § be the family of circles such that I'€§ if and only if there is an x
and an r such that I'= &} where

(11) 2 ECyy 0 <7 < 2ry, and ¢(C18%) = pr.

Now, using the covering Theorem 5.11, we let @ be a countable disjointed
subfamily of § such that

> $D o).
=X}

Clearly for each d>0
(12) ® E |(diam s) > d] is finite.

Therefore considering the family > ,c¢{$} in relation to Theorem 4.1, we
select a subfamily § of @ such that the family

2 {s}
€9

is semi-disjointed and

We now let
Cs=Ci+ v+ 2 (clsrs)
r=r

and

D= (c,- > s)+ > (bndr 3),

€9 €9

and divide the remainder of the proof into six parts.

ParT L. C; is closed.

Proof (by contradiction). Suppose po&Cs(clsr Cs). Since (C:+7) is closed
and clsr ¢ is closed for each s€ §, we select distinct members s, s2, 3, + - + of
9 with
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lim dist [{po}, (clsr 8,)] = 0.

From (12) we infer

lim (diam §,) = 0.
n— o
Thus, since the center of each of these circles is an element of C, it follows
that p, is a cluster point of the closed set C,, and poE CoCCs.
PARrT 11. C; is connected.
Proof (by contradiction). Suppose C’ and C’’ are disjoint nonvacuous
closed sets with C3=C’'+C'’, yCC’. Evidently

(clsr ) CC" or (clsr$) CC” fors € 9.

To show that C''CGE7, we assume the contrary: there is a circle s€$
with (clrs §)CC", (clsr 5) @ #0. Since the center of s is in C;C €7, we have
05 (clsr $)yCC''C'=

Hence C"C@;'GC' v = 8.

Let C'"'=C'+&2. Clearly C'"" is closed with C'"'C''=0. It is evident
that 0 CiC"’, 05 C1C’CC1C"'. Choose points pE C1C’’ and ¢E€ C1C"'’ such
that

| p — q| = dist (C.C", C:.C"") > 0.

Since ¥C1#0 by (10) and since pE &% we have Ip—'ql <2r.. Obviously
(p »q)CC, pEC: and (iv) implies

|p—ql
6(R, C) Zo(pe0) Zu|p -4l
Hence 2/7-1€g, €?~¢ is contained in C;, is a continuum, and is split into
two disjoint closed sets C'’€*~? and C''’G)?~¢ with p in the first and g in
the second.

Part I11. D is a continuum.

Proof. By Parts I and II the set C; is a continuum. From Lemma 4.7 it
follows that D is a continuum.

ParT IV. L(D) < «.

Proof. Evidently

(13) DCCtv+ >e:s (bndr $).
Noting that 9 is disjointed and ¢em we use (11) to obtain

2
D diams < — Z ¢(Crs) = Z #(s) £ —¢[o(®)] < =,
=) 14

€9

(149) [ >~ (bndr S)] < 5r E (diam s) < .

€9
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Remembering (1) and Lemma 5.20 we have
(15) L(C2) = L(C:€2) S (5/@)(Ci€7y) < .

Combining (13), (14), (15) and the relation L(y) =277, < «» we reach the con-
clusion L(D) < .

PART V. D is rectifiable.

Proof. D is a continuum of finite Carathéodory linear measure. Hence

Theorem 4.6 implies that D is rectifiable.
ParT VI. ¢(D)>0.
Proof. Since ), ¢¢ is a Borel subset of Cs and DD Cs—)_,c g8 we have

o) 2 6(Cs - z ) = oico - 4»(62s 5)-

Since C;D C; we have, using (9),
#(Cs) = ¢(C2) = ri(ex — 2¢).
Next, since §CF, we use (11), (7), (5), (2) to obtain the relation
¢(2 )s > ¢(8) =AY diam § = 5\ 3 diam s
(16) 1E9 056 =T €D

<1 E #(C:s).
In

From the facts that § is dnslomted o(9)C R and from (6) we have that

g,; $(Cis) = ¢[C10(9)] = $(C:0") < 24rse

and thus, referring back to (16), that
o\ 2 s) <

€s /
Finally, remembering the bounds for € given in (3), we have

24 A

240Nr 1€
»

We now state three theorems and prove the third; the first two follow from
the third.

9.2. THEOREM. If ¢EM and D5 (x) <1.01DJ (x) for almost all x, then E,
s ¢ rectifiable.

9.3. THEOREM. If ¢ M and 3DA(x) <4DJ (x) for almost all x, then E,
s ¢ rectifiable.
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9.4. THEOREM. If pEM,

A= E[D5(®) < 1.01D, (1), 4s = E [394(x) < 4D} ()]

and ¢(A,)p(As) =0, then Ey is ¢ rectifiable.

Proof. Let »=1 or 2 according as ¢(4,) is or is not zero and note that
¢(4,)=0.

Letting B be any Borel set with positive ¢ measure, we introduce the inter-
secting measure €M for which

®(s) = ¢(Bs) for s C E,,
and note, with the aid of 5.14, that for L almost all xEB

Dy (x) = Do (B, 2) = Do (2), Dy (2) = Do(z), Do (2) = Do ().
Thus defining
A : v, . A v .
Dy = E[De(2) <1.01De(8)], Dy = E [3Da(x) < 4Ds ()],

noting that D5 (x) < « for ¢ almost all x and using 5.26 we obtain
0 = L(BA,D,) = ¢(BA,D,) = ¢(BA.D,) + ¢(BA,D,) = ¢(BD,) = &(D,).

Relying upon 8.2 or 8.3 according as ¥v=1 or »=2, we select a number u>0
and a bounded closed set C such that ®(C)>0 and

o(prq) 2 ulq— 2|
for pEC and ¢€C. Clearly
A
0<De(x) < o
for ® almost all x so that we may now invoke 9.1 to ascertain a rectifiable

set B of positive ® measure. From this it follows at once that Bg is a rectifiable
subset of B with

$(BB) = ®(B) > 0.

Recourse to Lemma 7.14 completes the proof.
By using intersecting measure we obtain the following two theorems from
9.2 and 9.3 respectively.

9.5. THEOREM. If ¢€EU, ¢(4)< o, D(4, x) <1.01D] (4, x) for ¢ al-
most all x in A, then A is ¢ rectifiable.

9.6. THEOREM. If ¢EU, ¢(4) < =, 3DA(4, x) <4DY (4, x) for ¢ almost
all x in A, then A is ¢ rectifiable.
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10. Rectifiability and density ratios.

10.1. THEOREM. If ¢EM, DF (x) < = for ¢ almost all x, and A is strictly
rectifiable, then

0 < Dy (x) = Dy (a) <
for ¢ almost all x in A.
Proof. Letting
C'=4-E [D: (4, 9) = D24, 2) =

C" = AE [D4(x) = =],

C = 4E [D/(x) = o],

we see in the light of 5.29 that any subset of A which has L measure zero has
¢ measure zero, and use 6.12, 5.19 and 5.13, 5.28 to obtain

0=L([C) =¢C), 0=LC" =¢C"), 0=9¢(C").
Thus |
) $(4 — 4) =0
where ' '
A'=4—-(C+C"+C").

Let .C be the function on €; such that £(s) =L(d4s) for sCEs, note LEM
and that

v
@ 0<Dy(2) SDa(x) < o, DL(x) = DL() =
for each x&A’.
Let V be the function on 4’ such that xEA' 1mp11es V(x) is the family
of circles of the form ] where .
®¢ (x)
DY (%)

Let F be the function on 4’ such that xE4’ lmphes F(x) is the famlly of
those circles T’ for which xET'-and

o(87).

$(RY) <6

Dy ()
DY(x)
Note V(x)C F(x) whenever xEA"'.

¢C)<6 #(I).
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Notation 2.9 of [5] is used in the next three of the four parts into which
the remainder of the proof is divided.
PART 1. If x€EA', then

T
a )I" = SDZ(x).

limal —
V() Sr—. diam

Proof. Let 7y, 72,73, + + - be positive numbers such that:r,—0as #n—« ;and

3) Dy (1) = lim (&™)

n—wo

We have
T 7 A A
—B(®T)  ___e(R) 2 Do (1) Dy (#)
lim = 5 lim . =5 <6 .
nowo ¢(Q;") noo 107, ¢(R;") ‘.Df'(x) fD‘f(x)

Accordingly for n sufficiently large

A
Dy (x)
DY (=)
and ®2€ V(x). From this and (3) we conclude

I
L )P < Ds (2).

(R <6 SR

v
®¢ (x) = limal "
V() Sr— diam

ParT 1. If xCA’, then

o T
oh2) = Tmal 2
: F(z)Dr—z diam I

Proof. Let I'y, T'y, Ty, - - - be circles, each of which has x in it, with

¢(T'»)

A
— D, (x
diam T, » (2)

@ diamI', - 0 and

as n— . For each positive integer #» we set d,=diam I',, and obtain

~ -~ A A
m— ¢(Pﬂ) = STiE ¢(Pn) . dﬂ é 5 ®¢ (x) < 6 é 6 ®¢ (x) .
noe $(Tn) noe  5dn  @(Th) DA(#) DY (x)

Thus for n sufficiently large I', € F(x). From this and (4) we conclude

— T
ohn) s fmal 2D
F(z)3r—z diam I

< D5 ().

PARrT 1I1. For ¢ almost all x in A’ we have
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0<Dy(x) = Da(x) < .

Proof. Remembering (2), the definition of F and Parts I and II we see
that F is a diametrically regular Borelish blanket. (In [5] see Definitions 6.1,
6.5, 6.6.) Denoting

, LT )
e[ <]

by A'’ we use Definition 2.3 and Theorem 11.4 of [5] to gain the information
that ¢(4’'—A"")=0.
For x&€A'’ we-denote the number

limal -'Q(—Il
F()3r-z ¢(T)
by h(x).
Now
- LD _s@® _ Lo

¢(I') diam I' diam I'

whenever I' &€ F(x) and x&A'’. Thus using Part I, the inclusion of V(x) in
F(x), (5). the definition of V, and (2) we deduce that x€4’’ implies

r r
MDY = h(®) lmal 2T — fimar S o #O
V(z)Sr—z dlam T V(z)BI‘—m ¢(I‘) V(I)BI‘—’Z dlam T
T .
> limal S5 DL = 1.

V(z) 3 I'—z dlam

On the other hand using Part II, (5), the definition of F, and (2) we deduce
that x€A’' implies

- ¢(I) limal L)

. ) 6(T)
h(2)Dy (x) = h(x) limal : ma
(%) s (%) () ?(z)Sr—z diam T' F(z)BI‘—ot ¢(I‘) r(z)ar—oz diam I’

limal Lo

F(z)Sr-z diam T’

A

=< SDI (2) =

Accordingly x€4"’ implieév that
S h(=)Ds () S MDs () S 1
and hence that
v A,
0< @4,(1«') = @4;(31) < o,
Since ¢(A’'—A"'") =0 the proof of Part III is complete.
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Part IV. For ¢ almost all x in A we have
v
0 < Dy (2) = Dy (2) < .
Proof. Use (1) and Part III.

10.2. THEOREM. If ¢EM, DY (x) < © for ¢ almost all x and Es is ¢ rectifi-
able, then

0 < Dy (x) = Da(a) <
Jor ¢ almost all x.

Proof. Let ¢>0, and choose a strictly rectifiable set C such that o) <e.
Putting

B=E - E[0< D)) = Dp(s) < =]

we are assured by 10.1 that
¢(BC) = 0.
Accordingly
#(B) = ¢(BC) + ¢(BC) = 0+ ¢(C) <e.

10.3. THEOREM. If €U, ¢(4) <, DI (4, x) < = for ¢ almost all x in A,
and A is ¢ rectifiable, then

0<Dy(d, ) = Do(d, 2) <
for ¢ almost all x in A.

Proof. Use intersecting measure and 10.2.
11. Interrelations. A unified and fairly complete picture of our previous
results may be obtained from

11.1. THEOREM. If ¢ EU, ¢(4) < 0, DI (4, x) <  for ¢ almost all x in A,
then the following nine propositions are equivalent:

(1) A is ¢ rectifiable;

(2) DA, x) <1.01D7 (4, x) for ¢ almost all x in A;

(3) 3DA(4, x) <4DJ (4, x) for ¢ almost all x in A ;

(4) 0<DY(4, x) =D2(A4, x) < = for ¢ almost all x in A;

(5) 0<DJ(4, x)=DA(4, x) < o for ¢ almost all x in A;

(6) A is ¢ directional at ¢ almost all of its points;

(7) A is ¢ restricted at ¢ almost all of its points;

(8) Corresponding to each positive number € there is a set BC A such that
¢(A B) <e and such that B is directional at each of its points;

(9) Corresponding to each positive number € there is a set BCA such that
(A B) <e and such that B is restricted at each of its points.
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Proof. Our argument consists of 13 steps each of which is given in the left
column of the table below with its corresponding supporting reference or com-
ment juxtaposed in the right column.

(1) implies (6) 6.15
(6) implies (7) 7.27
(7) implies (1) 7.22
(1) implies (8) 6.19
(8) implies (9) 7.28
(9) implies (1) 7.29
(1) implies (5) 10.3
(5) implies (3) obvious
(3) implies (1) 9.6
(1) implies (5) 10.3
(5) implies (4) obvious
(4) implies (2) obvious
(2) implies (1) 9.5

The proof is complete.
In the following three theorems we investigate the connection between ¢
and L rectifiability.

11.2. THEOREM. If €U, ¢(4) <, A is L rectifiable, and if D5(4, x)
< o for ¢ almost all x in A, then A is ¢ rectifiabie.

Proof. Letting €I be the function on € such that
&(s) = ¢(4s) for s C Es

the truth of the theorem is evident from 5.25 and the definitions of ¢ and L
rectifiability.

11.3. REMARK. It is possible to construct a ¢ in Il and a clésed set 4
such that

¢(4) =1, L(4) = 0,

Dy (4, %) = 0, Dy(4, x) =

forxEA.
~ The set A4 is thus obviously L rectifiable but by 11.1 (1) and 11.1 (4) it
is not ¢ rectifiable.

11.4. THEOREM. If ¢EU, L(A) < =, A is ¢ rectifiable, and D5 (4, x)>0
for L almost all x in A, then A is L rectifiable.

Proof. Let ® be as in 11.2, let €>0, choose a positive number p so small
(see 3.1(i)) that L(4 B) <2—'e where B is the Borel set

E [05(x) > u]
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Letting C be a closed rectifiable set with ®(C) <10~'ue we are helped by 5.21
to obtain

L(AC) = L(ABC) + L(A5C) < L(BC) + L(4B)
< LBO) + = 2 B0+~ =~ 30) + = <.
2" 4 2" u 2

Thus AC is a rectifiable subset of A with L(AC) <e.

The L rectifiability of 4 is established.

11.5. REMARK. Let 4 be a set for which L(4) < » and which is not L
rectifiable; the set ¢4 of 7.30 is such a set. Let ¢ be the function on &€, such
that ¢(s) =0 for sCE,. Clearly 4 is ¢ and not L rectifiable.

As an immediate consequence of the two preceding theorems we have

11.6. THEOREM. If ¢EWU, ¢(4) < », L(4) < =, DL (A4, x) >0 for L almost
all x in A, D5(A4, x) < ® for ¢ almost all x.in A, then A is ¢ rectifiable if and
only if A is L rectifiable.
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